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THE TENTH SUMMER MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


On its reorganization as a national body, in 1894, the AMER- 
IcAN MATHEMATICAL SocIETY immediately adopted the plan 
of holding an annual summer meeting in addition to the regu- 
lar meetings which at that time were held monthly from October 
to May in New York. Coming in the vacation season and thus 
affording exceptional opportunity for the reunion of the widely 
scattered members of the Society, these summer meetings have 
always held the first place in representative character, in attend- 
ance, and in scientific interest as well. Since 1897, colloquia, or 
courses of lectures on special subjects, have contributed addi- 
tional attraction to several of the meetings. The summer meet- 
ings have been held in the following sequence of place: Brook- 
lyn (1894), Springfield, Buffalo, Toronto, Boston, Columbus, 
New York, Ithaca, Evanston, Boston (1903). Several of the 
meetings have been held in affiliation with the American asso- 
ciation for the advancement of science ; in other cases an inde- 
pendent meeting has proved more convenient. The first col- 
loquium was held at Buffalo, in 1896 ; the second at Cambridge, 
in connection with the Boston meeting, in 1898; the third at 
Ithaca, in 1901. 

The tenth summer meeting and fourth colloquium of the 
Society were held at the Massachusetts Institute of Technology 
during the week August 31-September 5, 1903. At the three 
sessions of the summer meeting proper, which occupied the first 
two days of the week, the following forty-seven members were 
present : 

Professor F. H. Bailey, Dr. G. A. Bliss, Professor Maxime 
Bocher, Dr. C. I. Bouton, Professor Ellen L. Burrell, Profes- 
sor Florian Cajori, Mr. Paul Capron, Dr. J. E. Clarke, 
Professor F. N. Cole, Professor L. L. Conant, Professor E. S. 
Crawley, Professor E. W. Davis, Mr. H. N. Davis, Professor 
W. P. Durfee, Mr. W. B. Ford, Dr. A. S. Gale, Miss Alice 
B. Gould, Professor G. W. Greenwood, Rev. J. G. Hagen, 
Dr. C. N. Haskins, Professor E. R. Hedrick, Dr. E. V. 
Huntington, Professor J. I. Hutchinson, Dr. Edward Kasner, 
Professor F. H. Lond, Professor H. P. Manning, Professor 
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Frank Morley, Professor G. D. Olds, Professor W. F. Osgood, 
Professor B. O. Peirce, Dr. A. B. Pierce, Mr. D. L. Pettegrew, 
Dr. F. H. Safford, Professor I. J. Schwatt, Professor W. E. 
Story, Miss M. E. Trueblood, Professor H. W. Tyler, Pro- 
fessor E. B. Van Vleck, Dr. Roxana H. Vivian, Professor 
H. S. White, Dr. E. B. Wilson, Dr. Ruth G. Wood, Professor 
F. 8S. Woods, Professor T. W. D. Worthen, Professor R. S. 
Woodward, Professor J. W. A. Young, Professor Alexander 
Ziwet. 

The Council announced the election of the following persons 
to membership in the Society: Professor D. P. Bartlett, Massa- 
chusetts Institute of Technology ; Professor C. E. Comstock, 
Bradley Polytechnic Institute, Peoria, Ill., Mr. H. N. Davis, 
Harvard University; Mr. W. J. Graham, New York, N. Y.; 
Mr. N. J. Lennes, Chicago, Ill.; Mr. T. J. McCormack, La 
Salle, Ill. ; Dr. I. I. Neikirk, University of Pennsylvania ; Dr. 
A. B. Pierce, University of Michigan ; Professor W. J. Rusk, 
Iowa College; Miss M..E. Trueblood, Mt. Holyoke College ; 
Mr. C. B. Upton, Columbia University ; Dr. Oswald Veblen, 
University of Chicago; Mr. R. H. Williams, Columbia Uni- 
versity. Seventeen applications for membership in the Society 
were received. 

The committee appointed at the preceding summer meeting 
to consider the question of definitions of college entrance 
requirements in mathematics presented a report, which was 
received and recommended for publication. This report is 
printed in the present number of ‘the BULLETIN. 

A committee consisting of President Thomas S. Fiske, Pro- 
fessor R. S. Woodward, and Professor P. F. Smith was ap- 
pointed to prepare and submit to the Council at the October 
meeting a list of nominations of officers of the Society for the 
coming year. 

The following papers were read at this meeting : 

(1) Professor I. J. Scuowatr: “On the length of curves.” 

(2) Professor T. J. Bromwicu : “Similar conics through 
three points.” 

(3) Dr. D. R. Curtiss: “ Binary families in a triply con- 
nected region, with especial reference to hypergeometric fami- 
lies.” 

(4) Professor Jouxn Eresuanp: “On a certain system of 
conjugate lines on a surface transformable into asymptotic lines 
by means of Euler’s transformation.” 
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(5) Dr. Epowarp Kasner: “A class of conformal trans- 
formations.” 

(6) Dr. Epbwarp Kasner: “ Notes on the theory of sur- 
faces.” 

(7) Professor E. R. Heprickx : “ Note on the existence of 
a continuous first derivative.” 

(8) Dr. G. A. Biiss: “ Jacobi’s condition in the calculus of 
variations when both end points are variable.” 

(9) Professor ARNOLD Enucn: “ Note on the p-discrimi- 
nant of ordinary differential equations of the first order.” 

(10) Professor HELEN A. Merri: “On a notable class 
of linear differential equations of the second order.” 

(11) Professor FLortan CaJsori: “On the circle of con- 
vergence of the powers of a power series” (preliminary com- 
munication). 

(12) Mr. E. T. Wurrraker: “ An expression of certain 
known functions as generalized hypergeometric functions.” 

(13) Mr. W. H. Youne : “On a test for non-uniform con- 
vergence.” 

(14) Professor J. I. Hurcnuinson : “On the automorphic 
functions of signature (0, 3 ; 2, 6, 6).” 

(15) Professor B. O. Pemrce: “On the lines of certain 
classes of solenoidal or lamellar vectors symmetric with respect 
to an axis.” 

(16) Professor H. T. Eppy : “ The multiplication of com- 
plex numbers and of vectors compared.” 

(17) Professor J. N. Vax DER Vries: “On monoids.” 

(18) Professor Jacos WeEstLunD: “On the congruence 
ae) = 1, mod. P*.” 

(19) Professor ALFRED Loewy: “ Zur Gruppentheorie mit 
Anwendungen auf die Theorie der linearen homogenen Dif- 
ferentialgleichungen.” 

(20) Dr. Savi Epsreen: “Semireducible hypercomplex 
number systems.” 

(21) Professor L. E. Dickson ; “ On the subgroups of order 
a power of p in the quaternary abelian group in the Galois field 
of. order p*.” 

(22) Professor L. E. Dickson: “ The subgroups of order a 
power of 2 of the simple quinary orthogonal group in the 
Galois field of order p* = 81 + 3.” 

(23)- Professor L. E: Dickson: “Determination of all 
groups of binary linear substitutions with integral coefficients 
taken modulo 3 and of determinant unity.” 
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(24) Professor L. E. Dickson: “ Determination of all the 
subgroups of the known simple group of order 25920.” 

(25) Professor L. E. Dickson: ‘‘ The systems of subgroups 
of the quaternary abelian group in a general Galois field.” 

(26) Dr. C. N. Haskrxs: “ On the invariants of quadratic 
differential forms.” 

(27) Professor FRANK Morey: “On projective codrdi- 
nates.” 

(28) Professor FrRanK Morey: “On a skew quadrangle 
covariant with six points of space” (preliminary communica- 
tion). 

(29) Dr. E. B. Wrison: ‘‘ The projective definition of 
area.” 

(30) Professor R. S. Woopwarp: “On the values of the 
stretches and the slides in the theory of strain.” 

(31) Professor R. S. Woopwarp: “ The radial compressi- 
bility of the earth compatible with the Laplacian law of density 
distribution.” 

(32) Professor E. O. Lovett: “ Periodic solutions of the 
problem of four bodies.” 

(33) Professor E. O. Lovett: “Central conservative sys- 
tems with prescribed trajectories.” 

(34) Professor S. E. Stocum: “ Rational formulas for the 
strength of concrete-steel beams.” 

(35) Professor A. S. Cuessin : “On a class of linear dif- 
ferential equations.” 

(36) Dr. C.M. Mason : “On certain systems of differential 
equations : generalization of Green’s functions, analytic charac- 
ter of the solutions.” 

(37) Dr. E. V. Huntixeton : “ A set of independent pos- 
tulates for the algebra of logic.” 

The papers of Professor Loewy and Dr. Epsteen were com- 
municated to the Society through Professor E. H. Moore. 
Professor Merrill was introduced by Professor M. B. Porter, 
Dr. Mason by Professor H. W. Tyler. In the absence of the 
authors Professor Chessin’s paper was read by Professor 
Schwatt, and the papers of Professor Bromwich, Dr. Curtiss, 
Professor Eiesland, Professor Emch, Mr. Whittaker, Mr. 
Young, Professor Peirce, Professor Eddy, Professor Van der 
Vries, Professor Westlund, Professor Loewy, Dr. Epsteen, 
Professor Dickson, Professor Lovett and Professor Slocum 
were read by title. 


\ 
\ ( 
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Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. The definitions of the length of curves as given by 
Duhamel and Scheefer are applied by Professor Schwatt to the 
finding of the length of curves of functions with an infinite 
number of discontinuities within a finite interval, and also of 
functions with discontinuities at primary places which form an 
infinite denumerable assemblage. 


2. The note of Professor Bromwich treats the envelope of 
the principal axes of a system of similar conics circumscribing 
a triangle by the use of the conjugate complex coérdinates. It 
will be published in the Transactions. 


3. Riemann’s celebrated paper of 1857 on hypergeometric 
functions (Werke, page 67), which first emphasized the impor- 
tance of the Monodromiegruppe for such functions, omitted from 
consideration three important cases. Two restrictions are ex- 
plicitly introduced : first, that the exponents of no singular point 
differ by an integer, and second that the exponent sum is. 1. 
As Klein pointed out in his winter semester lectures of 1893-94, 
Riemann also fails to discuss the possibility that the sum of 
three exponents, one from each pair, is an integer, a case which 
presents exceptions to his theorem that functions whose corre- 
sponding exponents differ by integers have the same group. 
Moreover, many of the ideas involved admit an extension to 
binary families in general, i. e., families composed of the solu- 
tions of homogeneous linear differential equations of the second 
order. With these extensions of Riemann’s idea Dr. Curtiss’s 
paper is occupied. 

In Part I, following Riemann’s course, a definition is given 
from which the properties of the general binary family is de- 
veloped, the group being the central object of study: The 
properties of kindred functions are deduced, and a criterion is 
given by means of which we may in all cases find whether two 
functions have the same group. This criterion is then applied 
to a case of especial interest to which hypergeometric families 
belong, namely, the case of binary families analytic in a triply 
connected region. A classification is introduced such that if 
we know the multipliers of two families and their places in 
that classification we can at once answer the question as to 
whether they are kindred. 
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In Part II hypergeometric families, with Riemann’s restric- 
tions removed, exclusively occupy the attention. Again starting 
from a minimum of definitions, the main properties of these fami- 
lies are developed, including their differential equations. The 
criteria for kindred families given in Part I are expressed in 
terms of the exponents except in certain doubtful cases, where 
additional data are required. For these cases also a method is 
indicated by means of which kindred families may be recognized. 
Following this discussion the relations between kindred functions 
are considered, especial attention being paid to the expression of 
a general hypergeometric function in terms of functions without 
apparently singular points. In conclusion, treatments of fami- 
lies whose exponent sums are 1 and 0 respectively are appended 
as corollaries of the more general results previously obtained. 

The paper will be published in the Memoirs of the American 
Academy of Arts and Sciences. 


4. In a paper read at the summer meeting of the Society 
in 1902, Professor Eiesland proved a number of theorems con- 
cerning curves and two-dimensional surfaces belonging to a 
so-called asymptotic complex, that is, a complex whose lines 
satisfy the differential equations 


dx, + 2,dx, — + xdx, — = 0, 
+ dzdx, = 0. 


If (w) and (rv) are the coérdinate lines on a surface belong- 
ing to such a complex, and if we make use of Lie’s trans- 
formation 


7,2 %X,, 3P, X,= X, + Xy 


where X,, Y,, X,, P,, P,, — 1, are the codrdinates of a surface 
element in ordinary space, there is obtained a surface con- 
sidered as an ensemble of surface elements, or an element J/,, 
on which the lines («) and (v) are asymptotic lines. 

It is the purpose of the present paper further to complete 
the theory of asymptotic complexes and especially to point out 
the important réle that a certain contact transformation known 
as Euler’s transformation plays in the theory of surfaces. This 
transformation is 


x; PX, — X;. 


| 
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It is shown that Euler’s transformation transforms the asymp- 
totic lines into a system of conjugate lines with a well defined 
geometric property which characterizes the system. These lines 
have been called Euler’s lines, since they are inseparably bound 
up with the transformation which bears his name. 

In the case of a certain class of surfaces defined by a partial 
differential equation of the second order with equal invariants 
Euler’s lines are also lines of curvature, so that for these sur- 
faces Euler’s transformation partakes to some extent of the 
property of a large class of contact transformations, the classic 
one of Lie’s which transforms asymptotic lines into lines of 
curvature. It must be noticed, however, that Euler’s trans- 
formation does not transform lines into spheres as does Lie’s. 
The differential equation of Euler’s lines has also been devel- 
oped and its relation to the so-called conjugate complex in M, 
is shown. 


5. In a paper published in the July BuLtetin, Dr. Kasner 
showed that if a point transformation converts more than three 
systems of straight lines into straight lines, then it is necessar- 
ily a collineation. It follows that a conformal transformation 
cannot possess more than one (real) system of straight lines 
with this property, unless it is merely a similarity. The object 
of the first part of the paper is to determine all the conformal 
transformations possessing such a system of lines. It is proved 
that they may be reduced, by similarity transformations, to one 
of three types : 

The first converts a pencil into a pencil, the second a pencil 
into a set of parallels, the third a set of parallels into a pencil. 
The second part of the paper deals with certain interesting iso- 
thermal systems of curves closely related to the preceding trans- 
formations. In particular all the isothermal systems which 
allow either a translation or a rotation group are obtained. 


6. Dr. Kasner’s second paper includes three notes dealing 
witli distinct topics in the infinitesimal geometry of surfaces. 
The first note considers “ Surfaces characterized by their level 
and slope curves.” The curves mentioned are those which are 
of particular interest in a topographical survey. The level 
curves of a surface z= f(x,y) are cut out by the planes 
z= const., while the orthogonal trajectories are ‘the slope 
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curves. Among the questions considered is the determination 
of the surfaces for which either one or both of the systems 
mentioned have a special property. For example, the only 
surface upon which both the level and slope curves are asymp- 
totic, is the skew helicoid. Of especial interest is the case 
where the slope lines are geodesic, the corresponding surfaces 
being defined by a partial differential equation of the second 
order. 

The second note is entitled “The orthogonal projections of 
asymptotic lines and lines of curvature.” The orthogonal pro- 
jections of the asymptotic lines of a surface z = f(x, y), into the 
plane z = 0, are given by rdx? + 2sdxdy + tdy’? = 0, where r, 
s, t are the partial derivatives of the second order of f. The 
double system of plane curves so obtained is not of general 
character. The question arises then, when can a given double 
system Adz” + 2Bdrdy + Cdy*? =0, where A, B, C are func- 
tions of x, y, be regarded as the projection of the asymptotic 
lines of some surface The required condition is obtained, and 
the result appears to be of interest as a fundamental formula in 
analysis. The discussion of this leads to the result that, if the 
double system is orthogonal it is necessarily isothermal. Simi- 
lar questions arise in connection with the lines of curvature ; 
for example, if the projections of the two systems of lines of 
curvature are orthogonal, then one system projects into straight 
lines and the other into parallel curves. 

The subject of the last note is “ Isothermal systems of geo- 
desics.” The result obtained leads to the following classifica- 
tion of surfaces: 1°. Upon the surfaces of constant gaussian 
curvature there exist a double infinity of isothermal systems of 
geodesics ; 2°. Upon all surfaces deformable into surfaces of 
revolution, excluding 1°, there exists just one such system; 3°. 
Upon all the remaining surfaces no system exists. It follows 
then that the surfaces of constant curvature are completely 
characterized by the existence of more than one isothermal 
system of geodesics. 


7. In Professor Hedrick’s paper attention was called to an 
easily derivable necessary and sufficient condition for the exis- 
tence of a continuous first derivative of a function of a single 
real variable. That this condition is necessary is noticed, for 
instance, by Goursat, in his Cours d’analyse, volume I, page 
11. But the author of the paper is not aware that it has been 


| 
| 
| 
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noticed that the same condition is also sufficient. The condi- 
tion may be stated as follows: The necessary and sufficient con- 
dition that a function f (x) should have a continuous first deriva- 
tive, at a point x = ¢, is that the quotient 


f(6)-—f(@) 


b—a 


should approach one and the same limit, as 6 and a both ap- 
proach ¢, independently of each other, and in any manner what- 
ever. It should be noticed that this condition covers the 
existence, as well as the continuity, of the derivative in ques- 
tion ; and it is at once extensible to. a whole interval. ‘The 
proof consists of a reductio ad absurdum, making use of a cer- 
tain method of approach along a chosen assemblage of points. 

Attention was also called to a modification of the condition, 
suggested to the author by Professor Porter, of the University 
of Texas. This consists in requiring that the function 
£ = $(A, x), which occurs in the statement of the law of the 
mean, should be a continuous function of the single variable A. 
This function does not seem to have been investigated exten- 
sively. 


8. Dr. Bliss considered the problem of the calculus of varia- 
tions where a curve is sought which joins two given fixed curves 
A and B and minimizes the integral 


T= Fey a2’, y’)dt. 


It is well known that the solution of the problem must satisfy 
Euler’s differential equation, and cut the two given curves 
“transversally.” Ifa curve FE has been found satisfying these 
conditions, then a further condition is necessary which corre- 
sponds to Jacobi’s condition when the end points are fixed. 
To find this condition was the object of the paper. It. turns 
out that the curvature of the two fixed curves A and B in their 
intersections a and b with /, must make a certain bilinear ex- 
pression greater than or equal to zero. This is equivalent 
to saying that the intersections a and 6 and the “critical 
points” «’ and 6’ of the curves A and B on the extremal E, 
must lie in the order a 6 b’ a’. The exceptional case when a’ 
and b’ coincide was also investigated. Finally sufficient con- 
ditions for a minimum were determined. 


| 

| 
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9. It is well known that the equation h(x, y) = 0 resulting 
from the elimination of p= dy/dx between the differential 


equations 
q $(x, P) = 0, (1) 
an 


where ¢ is a polynomial in x, y and p, in general represents the 
locus of the points of inflexion of the integral curves. 
Applying to (1) and (2) a transformation by reciprocal 
polars 
Pr 1 *, 


where p, = dy,/dx,, Professor Emch proves that the configura- 
tion [(1), (2)] is transformed to 


= 9, (5) 
Od, 
i = 0. (6) 


Eliminating p, from (5) and (6) an equation 9(z,, y,) = 0 is 
obtained, which clearly is the transformed of h(x, y) =0 by 
reciprocal polars. Thus, Darboux’s theorem is proved that, 
in general, the p-discriminant of a differential equation of the 
first order represents the cusp locus of the integral curves. 


10. Miss Merrill’s paper deals with a class of homogeneous 
linear differential equations, of which the equation considered 
by Sturm in his celebrated memoir in the first volume of Liou- 
ville’s Jowrnal is a special case. The method-used is presuma- 
bly the first (unpublished) finite difference method of Sturm 
which, in the present state of analysis, not only admits of a 
rigorous handling, but is capable of interesting generalizations. 


11. In Professor Cajori’s paper it was shown: that, when a 
power series P(x) has infinite points on its circle of convergence 
R, the circle of convergence R’ of the square, or of any pos- 
itive integral power, of P(x) is equal to R; that there are di- 
vergent series P(x) whose squares are absolutely convergent, 
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R’ > R, P(z) being absolutely convergent for all points |x| = 
R=1; that there are series P(x) which are conditionally con- 
vergent for all points |2| = R= 1, but whose squares are ab- 
solutely convergent ; that R’ is never less than F?. Illustra- 
tive examples were given. 


12. It has long been known that many functions (e. g., the 
logarithm and the Legendre functions) are particular cases of 
the hypergeometric function, and that other functions (e. g., the 
exponential function and the Bessel functions) can be derived 
from the hypergeometric function by limit processes. The ob- 
ject of Mr. Whittaker’s paper is to show that the latter class 
of functions is larger than has hitherto been supposed ; that 
in fact it includes (in addition to those functions already known 
to belong to it) the following five types of known functions, 
namely: 1° The functions which arise in harmonic analysis 
in connection with the parabolic cylinder; 2° the error func- 
tion; 3° the incomplete gamma function; 4° the logarithm 
integral; 5° the cosine integral. It is shown that all these 
functions, as well as the Bessel functions, can be derived by 
specialization and transformation from a simple new func- 
tion, which can itself be derived from the hypergeometric 
function by a limit process (making some of the exponents in- 
finite in a certain way); and this new function possesses many 
properties which are not possessed by the parent hypergeometric 
function. 


14. The paper by Professor Hutchinson discusses the group 
of transformations arising from a monodromy of the branch 
points of the Riemann surface y* = (x — a)*(x — b)*(x-— c)® 
(«—d)’. The fundamental region for the group is a triangle 
with angles 7/6, 7/6, 7/6. The arithmetic character of the 
group is determined, and the functions belonging to the group 
are expressed in terms of the theta constants by means of the 
transformation theory of the theta functions. 


15. Professor Peirce’s paper is in abstract as follows: When 
a vector is symmetric about an axis, every one of its lines 
lies in a plane which passes through the axis, and the whole 
field of the vector may be studied by examining its lines in any 
such plane. Given a family of curves u =k in the zy plane, 
without multiple points, or points of intersection with each 
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other or with the z axis, it is possible to form an infinite num- 
ber of vectors, symmetric with respect to the z axis, which 
shall have as lines such of the u curves as lie on one side of the 
xz axis. Of these vectors an infinite number are lamellar and 
an infinite number solenoidal, but no one can be both lamellar 
and solenoidal unless u satisfies Lamé’s condition in columnar 
codrdinates for isothermic surfaces. This paper discusses the 
conditions which must be satisfied by the function u, or by an 
orthogonal function v, if the u curves are to be the lines of 
several of the classes of vectors commonly occurring in books 
on mathematical physics. 


16. The multiplication of complex numbers being arithmet- 
ical and consequently commutative, it appears from physical 
considerations that vector multiplication of a pair of vectors is 
necessarily non-commutative, and the more important differ- 
ences which appear in Professor Eddy’s paper due to this fact 
are these : 

1°. The position angle of a vector product of two constant 
vectors is the difference instead of the sum of the component 
position angles as is the case with complex numbers. 

2°. The position and magnitude of the vector product of 
two constant vectors rotating uniformly with a given angular 
velocity is invariable, instead of rotating with twice the given 
velocity as the arithmetical product does. 

3°. The product of two vectors, one of which rotates uni- 
formly in a given period while the other varies harmonically 
in equal period, may be regarded as the sum of a fixed vector 
and a vector of equal absolute magnitude rotating with twice 
the given speed. The position angle of the fixed vector is 
opposite in sign to the corresponding part of the arithmetical 
product. 

4°. The average value of the harmonic product of two vec- 
tors mentioned in 3° differs from the average value of the cor- 
responding harmonic product of arithmetical factor in the sign 
of the position angle only. 

5°. A complex vector product, being an entity distinct in 
significance and different in dimensions from its component 
vectors, may itself be a vector or not and should be considered 
to lie in a separate plane of its own with an initial line deter- 
mined by existing physical conditions, which statements do not 
hold true in case of a complex arithmetical product. 
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17. In the investigation of “The multiple points on 
twisted curves ” (see Proceedings of the American Academy of 
Arts and Sciences, volume 38, number 17, January, 1903) 
Professor Van der Vries made use of the method, introduced 
by Cayley, of considering the twisted curve as the partial inter- 
section of a cone and a monoid. In the present paper, the 
general monoid has been considered and the quartic monoids 
have been classified in detail. Multiple lines are found to be 
of four kinds according to their relative multiplicities on the 
two cones of the monoid. In the different quartic monoids, 
the relative positions of the different lines and points were de- 
termined. Some interesting theorems on the general monoid 
were also developed, e. g., “If a monoid has its maximum 
number of double points, these all lie in one plane,” and one 
easily deduced from this, “ If a monoid having a second vertex 
has its maximum number of double points, these double points 
lie on one line.” 


18. Professor Westlund’s paper appears in full in the pres- 
ent number of the BULLETIN. 


19. If a group G of linear homogeneous transformations in n 
variables is given and if r denotes a positive integer > 1, then 
three species of groups isomorphic with G can be set up (A. 
Hurwitz: “Zur Invariantentheorie,” Mathematische Annalen, 
volume 45, page 381, et seq.): 1°. the group II_G of.rth 
product transformations; 2°, the group P.G of rth power 
transformations ; 3°. the group CG of rth determinant trans- 
formations, the latter existing only for r=n. 

Professor Loewy shows that the group II_G is always re- 
ducible, P_G and CG being two of its irreducible constituents. 
In some investigations, a separate study of P.G and CG is 
therefore not necessary. This theorem is a special case of a 
more general theorem of reducibility, from which it also follows 
that I1_G is sintilar to a decomposable group. 

The theorems concerning groups are then applied to linear 
homogeneous differential equations, and serve to connect with 
a given equation with rational coefficients corresponding to the 
operations II_, P., C, three infinite systems of such equations ; 
all these equations, embracing in particular the well known 
‘‘ associated ” equations of Forsyth, bear to one another rela- 
tions characterized by the concepts of species (Art) and re- 
ducibility. The paper will be published in the 7ransactions. 


a 
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20. Scheffers calls a hypercomplex number system E reduci- 
ble when its n units ¢,, ---, &n = E,E, satisfy the 
conditions 

A,) E, forms a system by itself, B,) Ce, 

A,) E, forms a system by itself, B. 

(j=1, 1). 


Dr. Epsteen finds that under conditions A,, A,, B,, B, the 
group of the system has the form 


Gy | 0 
|G, 


If, however, the system satisfies A,, A, and the less exacting 
conditions (C,, C,) that no product €f,, €,¢, involve the units 
e,, the system. is said to be semireducible of the first kind. A 
semireducible system of the second kind satisfies the conditions 
A,, A,, C,, B, In any case its group has the reducible form 


0 
G,, G, 


Here G,, is the group of the system E,, and in all the cases cal- 
culated G,, is the group of a system Q, the so-called quotient 
system E|\E,. If E is semireducible of the second kind, then 
E, itself is the quotient system E|F,. 

A system with irreducible group is called absolutely irre- 
ducible. If.a system E is, according to two choices of the 
system of units, decomposable once into the sequence of p 
“eee irreducible systems E,, ---, E, where the system 
E,, --+, E,, Ens, is semireducible of the second kind (h = 1, 
+5 p— 1, and again similarly into the sequence of the q sys- 
tems E,, - then = p and the  E, are 
similar i in some order to the systems ---, 

The paper will appear in the Fransadions. 


21. The first paper by Professor Dickson relates to the 
problem of the p-section of the periods of hyperelliptic func- 
tions of four periods. For p = 3, the problem relates also to 
the 27 lines on a general cubic surface as well as to the reduc- 
tion of a binary sextic to Cayley’s canonical form T? — U*, 


= 
= 
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The paper will appear in the October number of the Trans- 
actions. 


22. The second paper by Professor Dickson establishes the 
result that, independent of the values of p and n (such that p” 
is of the form 8/ + 3), the simple quinary orthogonal group 0 
of order 2 = $p"(p” — 1)(p* — 1) contains the same number 
of distinct sets of conjugate subgroups of order each power of 
2, one set of representative groups serving for every Op. 
Moreover, except for the subgroups of the orders 2 and 4 and 
certain of the types of order 8, the order of the largest subgroup 
of O, in which a group of order a power of 2 is self-conjugate 
is independent of p and n. The paper will appear in the 
Transactions, January, 1904. 


23. The third paper by Professor Dickson determines all the 
subgroups of the group I’,, of binary linear substitutions with 
integral coefficients modulo 3 of determinant unity. There re- 
sult self-conjugate groups of orders 2 and 8, a single set of con- 
jugate cyclic groups of each of the orders 3, 4 and 6, but no 
further subgroups. We may represent I,, as a substitution 
group on 8 letters, but not on fewer. The paper will appear 
in Annals of Mathematics, volume 5 (1903-4). 


24. The fourth paper by Professor Dickson makes a com- 
plete determination of the subgroups of the known simple group 
of order 25920, occurring in the problem of the 27 lines on a 
general cubic surface and in the trisection of the periods of 
hyperelliptic functions of four periods. Incidentally a proof 
by pure group theory is obtained of the Jordan theorem that 
the above problems have no resolvent of degree< 27. The 
following more general theorem, not heretofore stated, is estab- 
lished : All the maximal subgroups of G4. are conjugate with 
OF Giz. Under different notations, these 
5 groups appear in the geometric and function-theoretic work 
of Witting and Burkhardt. 

The group is particularly rich in subgroups, although none 
are of index < 27. All the 5 possible abstract groups of order 
12 are represented, as also all substitution groups on 6 or fewer 
letters. The orders of the 114 distinct types of non-conjugate 
subgroups, other than itself and identity are as follows, the 
number in parenthesis indicating the number of types of the 
given order : 2 (2), 3 (3), 4 (6), 5, 6 (7), 8 (9), 9 (4), 10, 12 (7), 
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16 (6), 18 (7), 20, 24 (11), 27 (3), 32 (3), 36 (4), 48 (5), 54 (3), 
60 (2), 64, 72 (2), 80, 81, 96 (4), 108 (4), 120 (2), 160, 162, 
192 (2), 216 (2), 288, 324, 360, 576, 648 ‘(2), 720, 960. 

The number of conjugates to the various groups is given by 
one of the 23 numbers: 27, 36, 40, 45, 90, 120, 135, 160, 
162, 216, 240, 270, 320, 360, 405, 480, 540, 720, 810, 960, 
1080, 1296, 1620. 

The paper will appear in the Transactions during the year 
1904. 


26. Dr. Haskins’s paper is an extension of an earlier one 
bearing the same title. The number of differential parameters 
for the general quadratic differential form in any number n> 2 
of variables is exactly determined. 


27. Professor Morley’s first paper is in abstract as follows: 
With two points x, y and two lines €, 7 of a plane are connected 
two double ratios—e. g., the ratio of the ratios in which the 
segment zy is cut by € and by 7. This notion of the double 
ratios of a point pair and a line pair, though rarely if ever 
emphasized, is one of great. convenience in starting projective 
geometry. In the memoir, which has appeared in the Trans- 
actions of the Society (July, 1903) it is utilized to define 
coordinates explicitly as double ratios without a “ factor of pro- 
portionality to “supernumerary homogeneous codrdi- 
nates” x, €, (j= 0, ---, 3) where 2xf,=0, the geometric 
significance of what ‘esually appears as ain analytic artifice is 
ascertained. The pedagogic’ ground so gained is then utilized 
in a brief study of collineations. 


28. Professor Morley’s second paper deals with a geometric 
aspect of some of the algebraic results of Hilbert’s Memoir 
(Mathematische Annalen, volume 28). Replacing a binary 
form of even order by 2n points on a norm-curve Ff, we con- 
sider especially the case n = 3, when the points determine the 
curve. The irrational covariant cubics give four points of 
space, or rather two pairs of points forming a skew quadrangle 
or 4-gon. By means of this 4-gon, which is uniquely given 
when a general 6-point is given, some covariants of the sextic 
are geometrically interpreted. Thus the covariant C, , is rep- 
resented by those 4 lines of the cubic R, which meet the diag- 
onals of the 4-gon. The 4-gon stands to the 6-point much as 
the diagonal triangle of a plane 4-point to the. 4-point. 
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29. In a memoir presented last summer at the Karlsbad 
meeting of the Deutscher Mathematiker-Vereinigung Dr. Wil- 
son showed how the concept of volume (n-dimensional extent) 
and the measure of volume in n-dimensional space were inde- 
pendent of the concept and measure of length. The memoir is 
now being published in the Jahresbericht of the Vereinigung 
The object of the present paper is.to develop and apply the gen- 
eralized concept of extent (area) in the case of the plane. The 
paper closes with the result that the necessary and sufficient 
condition that a collineation in the plane be resolvable into two 
projective reflections (involutory collineations) is that areas in 
the plane are left invariant when measured in reference to some 
one of the fixed lines of the collineation. The paper will ap- 
pear in the Annals of Mathematics. 


30. The object of Professor Woodward’s first paper is to ex- 
plain a method of deriving the stretch (or dilatation, or elonga- 
tion) of any line, and the slide (or change in mutual inclination) 
of any two lines to terms of any order ; and to call attention to 
the fact that the codrdinate stretches given in treatises on 
elasticity published during the past thirty years are commonly 
erroneous in terms of the second order. 


31. Professor Woodward’s second paper shows how to com- 
pute the elastic change in length of the earth’s radius due to a 
change in surface pressure, like that of the atmosphere. for 
example, on the supposition that the mass of the earth conforms 
to the law of Laplace. The investigation will be published in 
full in the Astronomical Journal. 


32. In the problem of three bodies we owe to G. W. Hill 
the introduction of the fertile notion of periodic solutions; to 
Poincaré the perfecting of their mathematical theory; to G. 
H. Darwin a splendid collection of examples of such orbits. 
In the problem of four bodies few examples of periodic orbits 
seem to have been given. Lehmann-Filhés in 1891 (Astrono- 
mische Nachrichten, No. 3033) found the exact solutions of the 
problem of four bodies corresponding to those of Lagrange in 
that of three; the collinear solutions of Lehmann-Filhés are 
periodic. Moulton in 1900 (Transactions of the AMERICAN 
MATHEMATICAL Soctety, volume I, pages 17-29) determined 
the exact solutions of the particular problem of four bodies 
when three are finite in motion according to one or the other 
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of the Lagrangian solutions, and the fourth infinitesimal. The 
above seem to be the only constructions published of periodic 
solutions of the problem of four bodies. To be sure, exten- 
sions of Lagrange’s solutions had been given previous to the 
paper of Lehmann-Filhés, e. g., those of Veltmann (1875), 
Sloudsky (1878) and Hoppe (1879); Veltmann’s has been 
subjected to criticism, and the generalizations of Sloudsky and 
Hoppe are more special than those of Lehmann-Filhés. Set 
Whittaker’s Report on the problem of three bodies, British 
Association Report, 1899. 

The paper of Professor Lovett is one of the by-products of 
a course in celestial mechanics given at Princeton University 
during the last academic year. It suggests several questions 
for later discussion. It was itself suggested while reading 
Chartier’s recent paper on periodic solutions of the problem of 
three bodies in which he reconstructs analytically certain of 
Darwin’s orbits. Given any three finite bodies in motion ac- 
cording to one or the other of the Lagrangian solutions of the 
problem of three bodies, and a fourth infinitesimal body acted 
on by the finite bodies according to Newton’s law but itself in- 
capable of affecting their motion ; the immediate problem is to 
locate the centers of libration, determine the roots of the char- 
acteristic equation, and construct. periodic orbits in the imme- 
diate vicinity of those centers of libration about which such 
orbits are possible. The force function appears in a symmet- 
ric form expressed in terms of the three masses and their 
distances from the fourth particle ; this is analogous to Dar- 
win’s form in the three body problem. As to centers of libra- 
tion, the analytic conditions determining their positions 
possess solutions both without and within the plane of the 
finite bodies ; the existence of the former can be accounted for 
by ascribing to one of the finite bodies properties analogous 
to those attributed to the sun of our system to explain 
cometary phenomena while the comet is passing its perihe- 
lion. Periodic orbits exist about these remarkable centers. 
Numerical application is made to the case of three unit 
masses in all cases. In conclusion certain generalizations 
of these problems in process of solution are formulated. A 
postscript presents one of these, namely that of four bodies 
of arbitrary masses, or in fact of n bodies, on a straight 
line, analogous to the collinear solutions of Lagrange, studied 
under a method which Oppenheim used in the problem of three 
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bodies in a memoir inserted in the fourth volume of the publi- 
cations of the von Kuffner observatory. Relative to another 
of the questions enumerated, it may perhaps be remarked with 
propriety that in the meantime the author has found that a 
method employed by Levi-Civita recently in the restricted 
problem of three bodies may be applied effectively in the dis- 
cussion of conditions for collisions in the problems of four 
bodies considered in the first part of the present paper. 


33. Tisserand in the first volume of his classic treatise on 
celestial mechanics studies the problem of determining the force 
under which a particle, whatever be its initial position and 
velocity, always describes a conic section whose equation is 
taken in its most general form. Bertrand (Comptes Rendus of 
the Paris academy of sciences, volume 84, pages 671 and 731) 
was the first to set this problem, which finds its most interesting 
application in the theory of double stars. Bertrand solved it, 
and later Darboux and Halphen in more complete form 
(Comptes Rendus, volume 84, pages 760 and 939). Battaglini 
(Giornale di Matematiche, volume 17, page 43) determined the 
components of the forees in the case of motion in a conic, and 
Dainelli in the eighteenth volume of Battaglini’s Journal treated 
the more’general one of finding the components of the forces 
acting on the particle as functions of its coérdinates when the 
trajectory is a general curve. All these discussions have been 
concerned with the motion of a single material point. Similar 
problems may be proposed for material systems. It is the 
purpose of Professor Lovett’s paper on central conservative sys- 
tems with prescribed trajectories to consider certain questions 
of this kind and of considerable generality. A careful search 
of the bibliography has failed to reveal more than one previous 
paper occupied with mote than one particle; this is an article 
by Oppenheim in the third volume of the publications of the 
von Kuffner observatory, in which the author studies the forces 
under which those bodies describe given coplanar curves ; he 
constructs the analytic machinery for the case of three arbi- 
trary coplanar orbits, but the only particular solutions realized 
were previously known. Of the present article the first sec- 
tion is occupied with the determination of the forces capable of 
maintaining the motion of a particle on an arbitrarily given 
curve in space of any dimensions independently of the initial 
conditions of the motion ; in the second, the forces of a central 


| 
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conservative system capable of maintaining a system of m 
particles on as many prescribed but arbitrary orbits in a space 
of n dimensions are investigated ; in the succeeding sections 
applications are made to the study of a system of three bodies 
describing any given trajectories in ordinary space under central 
conservative forces and independently of initial conditions. Of 
special interest perhaps is a system of differential equations 
which the functions defining the orbits must satisfy if the 
velocities and accelerations are to be determinate, certain of 
these equations vanishing identically when the motions take 
place in a single plane. 


34. The subject of concrete-steel construction has recently 
developed with great rapidity, but is as yet upon a very un- 
satisfactory basis as regards structural dimensioning. In Dr. 
Slocum’s paper the fundamental assumptions underlying the 
theory of beams are first considered, and it is shown how these 
assumptions may be simplified for the purpose of practical 
analysis. The general theory of beams is then briefly de- 
veloped for the purpose of calling special attention to certain 
tensile stresses which are of utmost importance in concrete con- 
struction, but upon which little emphasis has as yet been laid. 
To make the paper of practical value, a form of concrete-steel 
beam of recent design is then chosen, and the theory applied to 
it in detail. By a simple, rational analysis the internal stresses 
in such a beam are determined, and formulas for structural 
dimensioning obtained. The causes of various forms of failure 
of loaded concrete-steel beams are also pointed out, and means 
suggested as a remedy for such failure. The paper appeared 
in the Engineering News, July 30. 


35. Professor Chessin generalized the results obtained by 
him in a previous paper on differential equations reducible to 
Bessel’s equation with second member. If 


da” 
and y,= Dy, » then the integration of y, + + 
+ a,y = f(x) is reducible to the integration of Dy = f (x). 


36. Green’s theorem and the concept of Green’s function, 
which have been extended to the linear differential equation 
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of the elliptic type, were developed in the paper of Dr. Mason 
for a system of equations of the form 


ou ou, 
(1) L,(u,,-- (a vay toy dy )= 0 


(i= 1, 2,---,n). The Green’s functions G* (x, £, 7) of 
for a region © consist of n sets of n functions each. 

set forms a solution of (1) within ©, each function aed on 
the boundary of 0, and all except ‘the functions G* are con- 
tinuous, these having the singularity of log r for x = &, y= 
The set of solutions of L, = f, admit of integral representation 
in terms of f,, their boundary values a, and H“(z, y, &, 7), the 
Green’s functions of the “adjoint system ” to (1). The func- 
tions G* and H* obey the law of reciprocity: G*(2, y, &, 7) 
= H*(&, n, x, y) (i, k = 1, 2,---,n). In the second part of 
the paper it was proved that system L; =f, where a, b,, ¢,, 
are real analytic functions, can have only analytic solutions, 
the same result holding for the solutions of 


37. In Dr. Huntington’s paper the number of postulates re- 
quired for the algebra of symbolic logic * is reduced to the fol- 
lowing nine, which are shown to be independent : 

la. a+ 6 is in the set whenever a and 6 are in the set. 

16. a bis in the set whenever a and b are in the set. 

2a. There is an element 0 such that a + 0 =a for every 
element a. 

26. There is an element i svch that a-i =a for every ele- 
ment a. 

3a. a+ 6=6 whenever a, 6,a+ 6, and 6+ a are in 
the set. 

3b. = b-a whenever a, b, a-b, and b-a are in the set. 

4a. a+ (b-c) = (a + b)- (a+ whenever a, b, a + 5, etc., 
are in the set. 

4b. a-(b 4+°c) = (a-b) + (a-c) whenever a, 6, a-b, etc., are 
in the set. 


* See A. N. Whitehead, Universal Algebra, vol. 1, pp. 35-37. 


| 
| 
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5. If the elements 0 and i in postulates 2a, 26 are uniquely 
determined, then for every element a there is an element a’ 
such that 

a+a’'=i and a-a'=0. 


The associative laws do not appear among the postulates, but 
are deduced as theorems. 
CoLuMBIA UNIVERSITY. F. N. Coie. 


REPORT OF THE COMMITTEE OF THE AMER- 
ICAN MATHEMATICAL SOCIETY ON DEFI- 
NITIONS OF COLLEGE ENTRANCE RE- 
QUIREMENTS IN MATHEMATICS. 


At the summer meeting of the AMERICAN MATHEMATICAL 
Socrety in September, 1902, a special committee was appointed 
to prepare standard formulations of college entrance require- 
ments in mathematics, in codperation with committees already 
appointed by the Society for the Promotion of Engineering 
Education and the National Educational Association. The 
following report has been prepared by the committee of the 
Mathematical Society, taking due account, on the one hand, of 
previous work along similar lines, as represented for example 
in the mathematical definitions of the College Entrance Exam- 
ination Board and the Commission of Colleges in New England, 
and, on the other hand, of existing conditions in the mathemat- 
ical instruction of colleges and schools. 

The membership of the committee represents various forms 
of higher education only, but advice of value has been sought 
and obtained from other members of the Mathematical Society 
and from secondary teachers. 

In its selection of topics the committee has aimed to empha- 
size fundamental matters of principle, and to omit complicated 
processes and subjects not capable of rigorous treatment in the 
secondary school. 

By the selection of subjects it is not implied that all should 
be required by any one college, or be taught in qny one school. 


The committee understands its duties in the following sense : 

First: To specify those mathematical subjects which are 
generally recognized as appropriate requirements for admission 
to colleges and scientific schools. 
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Second: To specify details under these subjects in such a 
manner as to represent the standards of the best secondary 
instruction — the word “best” being interpreted in a qualita- 
tive rather than a quantitative sense. 

Third : The committee understands also that the considera- 
tion of pedagogic questions is not primarily among its duties.* 
It has therefore made no attempt to deal with methods of 
secondary education in mathematics, or the order of taking up 
the subjects and their correlation with each other and with 
other sciences. The order in which the subjects and the topics 
under them are presented below does not necessarily imply 
preference of the committee as to order of teaching either the 
subjects or the topics. It is the opinion of the committee that 
these are the subjects and the topics which, according to the 
best present usage, should be offered for admission to colleges 
and scientific schools. 

The formulation is not to be interpreted as exhaustive. It 
represents rather the extent to which, in the opinion of the 
committee, definite specification should be undertaken by it ; 
it is expected that further details will be determined in accord- 
ance with the judgment of the particular college, school, or 
teacher. 

The definitions proposed are based on present usage and 
standards. In case of divergence between standard text-books 
and what seemed a more scientific presentation of the subject 
in question, the committee has endeavored to make a choice 
which should not depart so far from current usage as to in- 
volve hardship to schools or teachers. The committee is of 
opinion that no formulation should be considered as having 
more than temporary validity. No advantages attendant upon 
uniformity of definition could counterbalance any tendency of 
the definitions to retard progress of secondary education in 
mathematics. It is therefore recommended that if the defi- 
nitions are approved, they be revised at intervals, perhaps of 
ten years. 


SuBJECTs. 
1. Elementary Algebra. 3. Solid Geometry. 
2. Plane Geometry. 4. Trigonometry. 


5. Advanced Algebra. 


* Reference may be made to the important work of recently formed 
societies for the improvement of mathematical teaching. 
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DEFINITIONS. 
1. Elementary Algebra. 


The four fundamental operations for rational algebraic ex- 
pressions. 

Factoring, determination of highest common factor and low- 
est common multiple by factoring. 

Fractions ; including complex fractions, ratio and proportion. 

Linear equations, both numerical and literal, containing one 
or more unknown quantities. 

Problems depending on linear equations. 

Radicals, including the extraction of the square root of poly- 
nomials-and of numbers. 

Exponents, including the fractional and negative. 

Quadratic equations, both numerical and literal. 

Simple cases of equations with one or more unknown quanti- 
ties, that can be solved by the methods of linear or quadratic 
equations. 

Problems depénding upon quadratic equations. 

The binomial theorem for positive integral exponents. 

The formulas for the nth term and the sum of the terms of 
arithmetic and geometric progressions, with applications. 

It is assumed that pupils will be required throughout the 
course to solve numerous problems which involve putting 
questions into equations. Some of these problems should be 
chosen from mensuration, from physics, and from commercial 
life. The use of graphical methods and illustrations, particu- 
larly in connection with the solution of equations, is also ex- 
pected. 

2. Plane Geometry. 


The usual theorems and constructions of good text-books, 
including the general properties of plane rectilinear figures ; 
the circle and the measurement of angles; similar polygons ; 
areas ; regular polygons and the measurement of the circle. 

The solution of numerous original exercises, including loci 
problems. 

Applications to the mensuration of lines and plane surfaces. 


3. Solid Geometry. 


The usual theorems and constructions of good text-books, 
including the relations of planes and lines in space ; the prop- 
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erties and measurement of prisms, pyramids, cylinders and 
cones; the sphere and the spherical triangle. 

The solution of numerous original exercises, including loci 
problems. 

Applications to the mensuration of surfaces and solids. 


4. Trigonometry. 

Definitions and relations of the six trigonometric functions 
as ratios ; circular measurement of angles. 

Proofs of principal formulas, in particular for the sine, cosine, 
and tangent of the sufn and the difference of two angles, of the 
double angle and the half angle, the product expressions for the 
sum or the difference of two sines or of two cosines, etc. ; the 
transformation of trigonometric expressions by means of these 
formulas. 

Solution of trigonometric equations of a simple character. 

Theory and use of logarithms (without the introduction of 
work involving infinite series). 

The solution of right and oblique triangles, and practical 
applications, including the solution of right spherical triangles. 


5. Advanced Algebra. 


Permutations and combinations, limited to simple cases. 
Complex numbers, with graphic representation of sums and 
differences. 
Determinants, chiefly of the second, third and fourth orders, 
including the use of minors and the solution of linear equations. 
Numerical equations of higher degree, and so much of the 
theory of equations, with graphic methods, as is necessary for 
their treatment, including Descartes’s rule of signs and Horner’s 
method, but not Sturm’s functions or multiple roots. 
H. W. Ty Chairman, 
Massachusetts Institute of Technology. 
T. S. Fiske, Columbia University. 
W. F. Oscoop, Harvard University. 
ALEXANDER ZIWET, University of Michigan. 
J. W. A. Youne, University of Chicago. 
Committee. 
September, 1903. 
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ON THE CONGRUENCE 2) = 1, MOD. P’. 


BY PROFESSOR JACOB WESTLUND. 


(Read before the American Mathematical Society, August 31, 1903. ) 


1. Ler k(@) be any algebraic number field and P a prime 
ideal in &(@). Then we know that every algebraic integer, 
which is prime to P, satisfies the congruence 


(1) x) = 1, mod. P, 


where $(P) = n(P) — 1, n(P) denoting the norm of P. The 
object of the present note is to determine the roots of the con- 
gruence 
(2) ae?) = 1, mod. P", 
for n > 1.* 

2. To determine the roots of (2) we introduce the function 
q,(2), defined in the following way. Suppose that a be a root of 


2) = 1, mod. P*, 


and let yw, be an algebraic integer, divisible by P" and by no 
higher power of P. Then we can find an algebraic integer, 
which we denote by q,(a), such that 


at?) = 1+ wg (a), mod. 
or i 
1 4 


where 7r is divisible by P*, we should have 


w = mod. P*t', 
and 


(4) = q,(a), mod. P, 


if y is an algebraic integer, prime to P, such that yr/y, is an 


*For k(1) or the number field consisting of the rational numbers, see 
Bachmann : Niedere Zahlentheorie, p. 159. 
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integer. Since y is prime to P, the congruence (4) determines 
q,(#) uniquely mod. P. The function defined in this way, 
depends on »,. But if w, and mu, be two algebraic integers, 
divisible by P* and by no higher power of P, and q, and g;, the 
corresponding functions q, then 


(5) = mod. P**'. 


3. For the function g,(a) we can easily derive the following 

three properties : 
I. 9,(48) = 9,(#) + 9,(8), mod. P. 
II. 9,(4) = 9,(8), mod. P, if a = B, mod. P**', 

IIT. ¢,(2) = 9,(8) — mod. P, if a = B, mod. 
Here 7 = a — f and 8 is an algebraic integer, prime to P, such 
that 75/p, is an integer. 8’ and 8’ are determined by Bf’ = 1, 
mod. P, and 63’ = 1, mod. P. 

The first two properties follow directly from the definition of 
q,(«). To prove the third property let 2. Then, 
since ¢(P) = p’ — 1, p being the rational prime divisible by 
P and f the degree of P, we have 


(B = Bem) — mod. Pp 
= 1+ — mod. P*, 
= #.9,(8) B’n, mod. 


from which the third property follows directly. 
4. Now let a be a root of 


(6) 20?) = 1, mod. P*. 


Let B be any algebraic integer and P™ the highest power 
of P, which will divide 8 —a. Then, if we set B=a+7, 
in order that 8 should be a root of 


and hence 


(7) = 1, mod. P**! 
we must have 
(a + 3)*) = 1, mod. P**’, 


— 1) 


or 
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where aa’ = 1, mod. P*. 

If m <n, all the terms in (8) would be divisible by P*, and 
hence ¢(P) divisible by P, which is impossible. Hence we 
must havem =n. Then we get from (8) 


= mod. P**', 
and 
(9) 8 = a[1 + mod. 


It is also easily seen that a[1 + u,9,(a)] is a root of (7), if 
a is a root of (6). Now let a, and a, be two roots of (6), in- 
congruent mod. P*. Then, if 


a,[1 + = a,[1 + mod. 
we should have 
a, — = w,[4,9,(%,) — %4,9,(4,)], mod. P**?, 


which is impossible, since a, — a, is not divisible by P”. 
Now by giving to n the values 1, 2, 3, --- we thus see that 
all the roots of 
= 1, mod. P", 


are 
(10) =a(l+ #,9,(2)] (2 + mod. P*, 
where a runs through the roots of 


= 1, mod. P. 


PurpDvE UNIVERSITY, 
August, 1903. 


MACH’S MECHANICS. 


The Science of Mechanics —a Critical and Historical Account 
of its Development. By Ernst Macu. Translated from the 
German by T. J. McCormack. Second revised and en- 
larged edition Chicago, The Open Court Publishing Co., 
1902. xix + 605 pp. 

IN a recent review of the German edition of Routh’s Rigid 

Dynamics, BULLETIN, May, 1902, we expressed the desire 
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that English and American publishers were as willing to render 
the great works of foreign scientists into English as Teubner is 
to render them into German. The Open Court Publishing 
Company has undertaken the task to a certain extent in pub- 
lishing translations of Hilbert’s Foundations of Geometry, 
Dedekind’s Essays on the Theory of Numbers, and several 
volumes of Professor Mach’s works. For this our thanks are 
certainly due and we can cordially rejoice that the pains taken 
have been rewarded by the demand for a second edition of The 
Science of Mechanics in less than ten years after its first 
English publication. 

The edition, whether German or English, now before the 
public is practically definitive: for in the preface the author 
states: “I desire also that no changes shall be made in it even 
if after my death a new edition should become necessary.” 
When the remarkable fact is borne in mind that, although 
many different points of view in treating science have appeared 
in the last quarter of a century, the main part of Professor 
Mach’s text has remained practically unchanged since its first 
edition in 1893 and that the alterations have been in the form 
of appendices added to defend the text or to explain its connec- 
tion with other works which have followed a similar line of 
ideas, one may well believe that what Professor Mach himself 
has been unable to better, future editors would not have had 
the assurance to alter even if he had not expressed himself as 
averse to such possible changes. 

Before passing to the technical discussion of the volume it 
might be well to note a few of the words of wisdom — wisdom 
of the inspired yet common sense kind — which are sprinkled 
into the text so thickly that they alone repay a perusal of the 
book. “Apart from the consideration that we cannot afford to 
neglect the great incentives that it is in our power to derive 
from the foremost: intellects of all epochs — incentives which 
taken as a whole are more fruitful than the greatest men of the 
present day are able to offer — there is no grander, no more in- 
tellectually elevating spectacle than the utterances of the fun- 
damental investigators in their gigantic power. * * * In 
fact the mania for demonstration in science results in a rigor 
that is false and mistaken. Some propositions are held to be 
possessed of more certainty than others and even regarded as 
their necessary and incontestable foundation ; whereas actually 
no higher, or perhaps not even so high, a degree of certainty 
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attaches to them.” The deductions of Archimedes, not con- 
sidering their historical value, are infected with this erroneous 
vigor. But the most conspicuous example of all is furnished 
by Daniel Bernoulli’s deduction of the parallelogram of forces. 
* * * The historical investigation of the development of a sci- 
ence is most needful, lest the principles treasured up in it become 
a system of half-understood prescripts, or worse, a system of 
prejudices. * * * Science itself therefore may be regarded 
as a minimal problem, consisting of the completest possible 
presentment of facts with the least possible expenditure of 
thought.” 

By the word mechanics in the title Professor Mach means 
in reality what is now-a-days only a very small part of 
mechanics. He means the statics and kinetics of a particle or 
system of particles and the elements (historical) of hydrostatics 
and hydrokinetics. There is no passage from a number of 
particles to a rigid body. Consequently there is no mention of 
the theories of elasticity. Even a number of important re- 
searches of a time now long passed, such for example as Euler’s 
equations of motion of a fluid, are not mentioned. It is merely 
the most elementary and fundamental things that receive atten- 
tion. In general the purely mathematical developments are 
cut down to the smallest number possible. So the book may 
be read without any very extended knowledge of differential 
and integral calculus. Yet, as was evidently advisable, the 
author goes carefully into the employment of the calculus of 
variations by Lagrange and into the minimal properties of 
Maupertuis, Gauss and Hamilton. The treatment of all these 
matters has, however, been rendered as easy as possible and is 
most strongly to be recommended to all who have found diffi- 
culty in other presentations. 

It would not be too much to state in general that for those 
subjects which the book treats, it may serve not merely as a 
historical and critical account but as a text book. The funda- 
mental principles are not merely described as they were invented 
by the original investigators; they are rearranged, modified 
where necessary, and illustrated by experiments or examples 
worked out with a detail which the student could easily follow 
and imitate in other problems. For instance to enforce upon 
the mind the use of the Newtonian equation of motion 


maz = F 
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the author solves in all detail—and remarkably neatly too — 
the problem : To determine the motion of two bodies connected 
by a spring which are constrained to move in a straight 
line, and of which one body is acted upon by a constant force. 
Again in the case of a body sliding down an inclined plane, 
which is itself free to move on rollers over a horizontal plane, 
the solution is accomplished in four different ways to illustrate 
the respective merits of four different methods. Even such 
questions as Lagrange’s uniform method for the solution of any 
problem in statics or kinetics and Hamilton’s principle of least 
action are not described without adequate explanation by ex- 
amples. 

Throughout the volume, where problems are solved or where 
they are not, there is a constant and successful attempt to render 
the subject tangible as well as knowable. The author states 
that until the solution has been seen and felt, the object of 
study has not been quite accomplished. A mere formal solu- 
tion alone will not suffice. 

In treating the foundations of dynamics Professor Mach gives 
Newton full credit and fair play. He not only quotes Newton’s 
definitions, postulates, and laws; but adds many of his com- 
ments which usually are made with greater insight into the 
difficulties of the questions involved than most of the examples 
and explanations which subsequent authors have seen fit to sub- 
stitute. Remarking on Newton’s method of treatment he says : 
“We literally see through the cases of equilibrium and motion 
which occur. * * * The Newtonian conceptions are certainly 
the most satisfactory and the most lucid: and Poinsot shows a 
noble sense of scientific clearness and simplicity in making these 
conceptions the sole foundation of the science. * * * We join 
with. the eminen: physicists Thomson and Tait in our reverence 
and admiration of Newton.” He is, however, not willing to 
stop here. He retracts a little with qualifications, adding : 
“We can only comprehend with difficulty their opinion that 
the Newtonian doctrines still remain the best and most philoso- 
phical foundations of the science that can be given.” Then the 
author gives as follows his enunciation of the Newtonian prin- 
ciples. 

Me a. Experimental Proposition: Bodies set opposite each other 
induce in each other, under certain circumstances to be specified 
by experimental physics, contrary accelerations in the direction 
of their line of junction. (The principle of inertia is included 
in this.) 
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“6. Definition: The mass-ratio of any two bodies is the 
negative inverse ratio of the mutually induced accelerations of 
those bodies. 

“‘¢. Experimental Proposition: The mass-ratios of bodies are 
independent of the character of the physical states (of the bodies) 
that condition the mutual accelerations produced, be those states 
electrical, magnetic, or what not; and they remain, moreover 
the same whether they are mediately or immediately ar- 
rived at. 

Experimental Proposition: The accelerations which any 
number of bodies A, B, C, * * * induce ina body K, are in- 
dependent of each other. (The principle of the parallelogram 
of forces follows immediately from this.) 

“e. Definition: Moving force is the product of the mass-value 
of a body into the acceleration induced in that body.” 

These definitions have been quoted at length because in point 
of time and authority they have become historic and may in 
the future remain the most important changes suggested for 
bettering Newton’s treatment. These definitions have been 
adopted more or less completely by such eminent authorities as 
Pearson in his Grammar of Science, Boltzmann in his Lectures 
on Mechanics, Volkmann,* and Slate.t On the other hand 
the definitions have been attacked severely by some authors, 
and these attacks have been answered in some of the numerous 
appendices to the volume, where. Professor Mach endeavors to 
show that the attacking parties either furnish nothing better or 
agree with him more closely than they imagine. 

It is not proposed to enter here upon the discussion, at any 
rate not from the standpoint usually followed. To do that 
would require a monograph. We merely desire to ask the ques- 
tions whether these statements (@, b, ce, d, e) of Professor Mach’s, 
which more than anything else have been the cause of the 
violent discussions on the foundations of mechanics carried on 
during the few past decades, are in any essential way an im- 
provement on Newton’s. The difference between the two pres- 
entations is not that one has an experimental basis and the 
other not. Newton was a great experimenter. One difference 
is this: Newton, uses, without exact definition, words which ir- 
resistibly suggest to us perfectly definite conceptions, the cor- 


* Einfiihrung in das Studium der theoretischen Physik, etc. Reviewed in 
the BuLietrx, October, 1902. 
+ Principles of Mechanics. Reviewed in the BuLLETIN, May, 1902. 
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rectness of which is made apparent by comparing the results 
deduced theoretically with those observed by experience ; Pro- 
fessor Mach and his followers invert the order, putting first the 
definite physical experiments phrased in such vague termis as 
set opposite, induce and under circumstances to be specified, wholly 
disregarding 2 priori considerations, assuming that inasmuch 
as a basis of experiment has been postulated the subsequent de- 
velopment of mechanics is assuredly accurate. 

There is a noteworthy difference between French and Ger- 
man scientists on this point of mass and force. The philo- 
sophical and scientific speculations of the French favor for 
evident psychological reasons the introduction of force first 
and mass second. We may refer to Poincaré’s La Science et 
VHypothese as giving the most recent and fundamental French 
views which will be found an instructive centrast to the Ger- 
man presentation af Mach. 

There is one other point, near the end of the text, which mer- 
rits a bit of attention. On page 502 the author states that he 
will “attempt tc show that the broad view expressed in the 
principle of the conservation of energy is not peculiar. to me- 
chanics but is a condition of sound scientific thought generally.” 
The argument seems vague and feeble. It is too definite in 
some ways and insufficiently so in others. Happily we may 
avoid the detailed discussion by again referring to Professor 
Poincaré’s work, in which we find among other things the 
statement : “‘If the universe is governed by laws expressible 
by mathematical formulas there must be something which is in- 
variant.” This is about as much and about as little as a con- 
scientious scientist of to-day can say. 

It would be wrong to infer from these adverse criticisms 
that the book is not to be most heartily recommended. In fact 
we believe we have shown the book in its most satisfactory as- 
pect in order that afterward we might recommend it unquali- 
fiedly and without deceiving any one. Owing to its clearness 
the work is easily read and might even be placed in the hands 
of students just beginning mechanics. In such a case certain 
sections might at first be omitted as too subtle or perhaps too 
uninteresting, but what remained would amply repay perusal 
by every student and ‘teacher. 

The French are to be congratulated that the work is soon to 
appear in their language. It is only to be hoped that the ex- 
cellent typography, the full marginal references, the exhaustive 
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index, and the moderate price, which all yield so much to the 
usefulness of the present edition, may also be a feature of the 
French edition. Epwin WILson. 


Ecote NoRMALE SUPERIEURE, 
Paris, December, 1902. 


FORSYTH’S DIFFERENTIAL EQUATIONS. 


Theory of Differential Equations. By A. R. Forsytu. Part 
II. Ordinary Equations, not Linear, Volumes 2 and 3; Part 
III. Ordinary Linear Equations, Volume 4. 

It becomes necessary from time to time to sum up in a work 
of considerable volume the knowledge which has accumulated 
in a certain field. The theory of differential equations is in 
some respects the most important part of mathematics. It is 
in this field that the astronomer and physicist most frequently 
appeals to the mathematician for assistance ; for his problems, 
when finally formulated, usually assume the form that a certain 
differential equation is to be integrated. The most important 
transcendental functions, too, have been furnished to the mathe- 
matician by the integration of differential equations. No won- 
der then, that the literature is extensive, and there can be no 
doubt that mathematicians will feel grateful to Professor For- 
syth for having lightened for them the labor of becoming 
acquainted with the labyrinth of investigations which have 
been carried on in this field. 

That Professor Forsyth should have chosen to treat the linear 
equations last, may have been due to the fact that other works 
existed which treat of them in a modern and adequate manner. 
But systematically, and historically they should come first, as 
almost every question in regard to non-linear equations, that 
has been answered, has been suggested by the theory of l*near 
equations. A student, therefore, would do well to read volume 
4 of the present work first. Fortunately volume 4 has been 
so written as to enable him to do so. But we cannot pass this 
distinction between linear and non-linear equations by without 
remarking that there is no better way to convince ourselves of 
our ignorance on the subject of non-linear differential equations, 
than by studying Part II of Professor Forsyth’s book. We 
find here, gathered with the greatest erudition, practically all 
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that is known about the subject. All of this covers a great 
many pages, the analysis is terrific, and the insight gained is 
very small indeed. One feels that new principles are needed, 
the old ones work so slowly. Some day some one will have an 
inspiration, and some order will be brought into this chaos. 

But in the meantime we must get along as well as we may 
and Professor Forsyth’s book serves well as a guide over this 
intricate territory. It opens with the consideration of the vari- 
ous forms to which a system of differential equations may be 
reduced, and then proves in Chapter II Cauchy’s fundamental 
theorem on the regular integrals of such a system in the vicinity 
of an ordinary point. The distinction between regular and 
other integrals is well emphasized. But at least one of the 
proofs of the fact that the regular solutions are uniquely deter- 
mined by the initial conditions, seems trivial, as Cauchy’s proof 
of the existence of the regular solutions is also sufficient to es- 
tablish their uniqueness. 

In Chapter III the author takes up and classifies the various 
kinds of non-ordinary points of a differential equation of the 
first order and of the first degree in the derivative, 


dw 
= f (w, 2). 


When the function f(w, z) is uniform, Weierstrass’s theory 
of uniform functions of several variables enable one to do this 
satisfactorily. Other cases are wisely relegated to a later chapter. 

If w =a, z=c is such a non-ordinary point of the function 
J(w, 2), the question naturally arises as to the form of the solu- 
tions of the equation in the vicinity of such a point. This 
question is therefore discussed in the next chapters, leading of 
course, to the classical theorems of Briot and Bouquet. Chap- 
ter IV discusses this question for accidental singularities of the 
first kind, introduces the notion of a point of indeterminateness 
due to Fuchs, and closes with Fuchs’s condition for the unique- 
ness of Cauchy’s regular integral. For, while this integral is 
clearly the only regular integral determined by the initial con- 
ditions, there may be in general other integrals, not regular, 
satisfying the same initial conditions. 

In Chapter V the differential equation is reduced to typical 
forms valid in the vicinity of an accidental .singularity of the 
second kind, and in Chapter VI the form of the integrals in 
the vicinity of such points is examined. 
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In Chapter VII the essential singularities of the differential 
equation are taken up. The most important result of this 
chapter is Painlevé’s theorem : that the points of indeterminate- 
ness, in particular the essential singularities of the integral of 
the equation 

dw 
dz =f (w,z), 


where f is rational in w and uniform in z, are fixed points de- 
termined by the equation itself. The author takes care to em- 
phasize that there is here an essential distinction between 
equations of a higher, and those of the first order. 

If the differential equation is algebraic, of degree n, in dw/dz, 
it becomes necessary to consider branch points. This is done 
in Chapter VIII. Painlevé’s theorem is extended to cover 
this case. In Chapter IX some very important investigations 
are reproduced, due to Fuchs and Poincaré. The question 
proposed by Fuchs is this: what differential equations of the 
first order are those, the branch points of whose integrals are 
fixed, i. e., independent of the constant of integration? Fuchs 
gave the conditions under which this takes place in a-very ele- 
gant theorem. Poincaré then showed that all such equations 
can either be transformed into a Riccati’s equation, or else are 
integrable by quadratures or algebraic functions, so that such 
equations do not, as was at first expected, lead to new tran- 
scendental functions. 

Chapter X contains familiar matter. It treats of the equa- 
tions of the first order whose integrals are uniform, and also 
gives a few theorems on equations with algebraic integrals. 

In the third volume the same investigations are to a certain 
extent carried out for systems of differential equations and in 
particular for equations of the second order. Chapter X VII 
is especially interesting, as it gives the proof of Bruns’s the- 
orem that the only algebraic integrals of the problem of n 
bodies are the well-known ones regulating the uniform motion 
of the center of mass along a straight line, the law of energy, 
and the laws of area. Professor Forsyth has simplified the 
proof somewhat and completed it in some details. 

Volume IV is devoted to linear differential equations. The 
first chapter furnishes the existence theorem as proved by 
Fuchs, and of course, as a corollary, the fundamental theorem 
that all of the singularities of the solutions are fixed. There 
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follows in Chapter II the discussion of the properties of a fun- 
damental system in the vicinity of a singular point. This 
leads to the consideration of the fundamental equation and its 
invariance. A canonical fundamental system is set up, made 
up of solutions arranged in groups. These again are arranged 
in subgroups, according to Hamburger. The whole theory is 
based, as it must be, if it is to be complete, upon Weierstrass’s 
theory of elementary divisors. This latter theory is. briefly 
presented, but in a form which is none too lucid. The fact 
that the constant term of the fundamental equation becomes 
equal to unity, when the equation has been so transformed as to 
be devoid of the term involving the next to the highest deriva- 
tive, is referred to on page 40 and throughout the book as 
Ponicaré’s theorem. To the present reviewer this practice is 
distasteful. Poincaré is certainly one of the foremost among 
living mathematicians, and his name is attached to discoveries 
of the most fundamental importance in all domains of analysis. 
But this theorem (so-called) is of the most trivial character. 
Nobody could possibly help noticing it, and Poincaré’s name 
should be reserved for some more substantial theorem. 

In Chapter IIT we find the conditions that an equation shall 
have all of its integrals regular at a given singularity, « = a, 
viz., that the equation shall have the form 


where P,, ---, P,, are holomorphic functions of z—a in the 
vicinity of z= a. The converse of this theorem is then estab- 
lished by the method of Frobenius, which furnishes at the same 
time a method for constructing all such regular solutions. 
Professor Forsyth makes some remarks about. the necessity 
of proving the converse, which seem to the reviewer to be 
quite unnecessary and even misleading. That the converse 
of a theorem requires proof, is something with which most of 
us are acquainted, and the impression is created as though 
Fuchs did not know this, while he actually did prove the 
converse in his first paper on the subject, reference to which 
is made later. The rest of Chapter III is taken up with the 
discussion of the conditions under which all of the solutions 
in the vicinity of z=a are free from logarithms. This is 
well presented. 
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In Chapter IV the equations of the Fuchsian type are dis- 
cussed, i. ¢., those which have all of their solutions regular in 
the vicinity of every singularity, including infinity. In a note 
on page 128 the author makes a peculiar slip. The general 
form of an equation of the Fuchsian type is 


with 
y= II (z a,), 
k=1 
where a,, a@,, --- @,, 0©.are the singular points and G, denotes 


a polynomial of degree not higher than A, and where > must 
be a positive integer or zero. The author puts p = 0 and con- 
cludes that the equation then has constant coefficients. This 
is obviously false. Moreover an equation with constant coeffi- 
cients actually does not belong to the Fuchsian class. 

Having noted that a linear differential equation of the second 
order of the Fuchsian type with three singular points is com- 
pletely determined by the assignment of these points and the 
exponents belonging to them, the author proceeds to discuss 
them. This is, of course, the theory of Riemann’s P function, 
which is historically the source of the whole general theory, a 
fact which the author does not seem to mention. In connec- 
tion with this, the theory of Gauss’s equation naturally appears 
and the twenty-four solutions due to Kummer are easily de- 
duced. Other equations of the second order and of the Fuch- 
sian type are then discussed, largely after Klein. On page 
153 the author omits to state that p, +p, + ---+ p, must be 
an integer if z= oo is not to be a singularity of w. He then 
takes up the equation with five singular points and proves 
Bocher’s theorem that when the five points are made to coa- 
lesce in all possible ways, each limiting form of the equation 
is equivalent to one of the differential equations of mathemat- 
ical physics. Finally in this chapter the question of poly- 
nomial and rational integrals is discussed. 

Chapter V is devoted to equations of the second, third and 
fourth orders with algebraic integrals. For the equations of 
the second order this leads, of course, to the polyhedral func- 
tions. One cannot help feeling that the treatment of this 
problem for the equations of the third and fourth orders is in- 
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adequate. The author makes no use of the Picard-Vessiot 
theory of linear differential equations, which is of primary 
importance in such discussions, nor does he make much use of 
the theory of invariants and covariants which is also of fun- 
damental importance in the consideration of these and other 
questions. This is, of course, due to the author’s intention to 
lay stress primarily upon the function-theoretic phases of the 
theory of differential equations. He himself has made im- 
portant contributions to the theory of invariants and covari- 
ants of linear differential equations, and it appears to the re- 
viewer a case of too much self-denial on the part of the author 
not to have given more of it in this book. In fact, a great 
deal remains to be done in this field, and it would have been 
valuable to have pointed this out to future investigators. 

The case where all the solutions of an equation are regular 
near a singular point having been treated, the next chapters are 
naturally devoted to the methods for obtaining such solutions 
as are regular near a singular point when not all of them are, 
and the far more difficult problem of determining the non- 
regular solutions. Here there is still a large field for investi- 

tion. 

a integral of a differential equation may be of the form 


in the vicinity of «= 0, where p is a constant, (x) a holo- 
morphic function of x, and 


a a a 
1 2 2 


so that it differs from a regular integral only by the presence 
of the factor e®. Such an integral, if it exists, is called a nor- 
mal integral. There may also be integrals of a similar form in 
which however .c'* appears in place of x where k is a positive 
integer. They are called subnormal. The conditions for the 
existence of normal and subnormal integrals are investigated, 
but none of these investigations are as yet ina final form. 
Moreover these normal and subnormal integrals are clearly 
nothing but very special examples of non-regular integrals. A 
general theory on such a basis requires a systematic and com- 
plete theory of essential singular points of uniform functions 
of a complex variable. Such a theory however does not exist. 


| 
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It is necessary therefore to change the method of attack. 
The general theory shows that in the vicinity of the singular 
point z = 0, a solution exists of the form 


where ¥(z) is in general a Laurent series. The question is 
this: how to determine the exponent p and the coefficients of 
(x). In the regular case, when (zx) is an ordinary power 
series, substitution of this expression into the differential equa- 
tion, and comparison of powers of z, solves the problem. One 
may do the same thing in general. But then one finds it 
necessary to solve a system of linear equations infinite in num- 
ber and with an infinity of unknown quantities. This Jeads to 
the notion of infinite determinants, due primarily to G. W. 
Hill. It is another example of a fact noticeable in the history 
of mathematics that the fearless application of general prin- 
ciples, regardless of rigor, frequently leads to new and important 
notions. Hill applied infinite determinants just as though they 
were finite, paying no attention to convergence or rigorous 
definitions. Of course that is not mathematics. But after all, 
the notion once placed before the world, it was not difficult to 
make it precise by the application of the theory of limits and 
rigorous reasoning. This was done by Poincaré, and the 
method of Hill was then applied to the general case by von 
Koch. Chapter VIII is devoted to this theory. 

In Chapter IX the theory of linear differential equations 
with uniform simply or doubly periodic coefficients is de- 
veloped. A large part of this theory might have been written 
down as a mere corollary of the general theory by means of the 
substitution 

t= 


which the author mentions later (p. 422) in connection with 
special cases. There is a special section devoted to Lamé’s 
equation. 

In the last chapter we find some account of equations with 
algebraic coefficients, and a brief sketch of the theory of automor- 
phic functions. The theorem that it is always possible to find 
an auxiliary variable, such that the dependent and independent 
variables of a linear differential equation can be expressed as 
uniform functions of it, for instance as Fuchsian and Zeta- 
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fuchsian functions, is one of the most important in the theory 
of functions. The general principle upon which this theorem 
rests should be permanently associated with the name of Poin- 
caré. 

In the execution of a task of this magnitude, it is inevitable 
that some errors should creep in. The reviewer is astonished 
at their small number. The salient features of almost every 
branch of the subject are presented, on the whole in a lucid 
manner. Some not inconsiderable improvements have been 
made by the author himself. He has undertaken an arduous 
task, and has accomplished it well. For the assistance which 
he has thereby given to a general understanding of this great 
department of mathematical learning he is entitled to our grati- 
tude. 

E. J. WILczynsKI. 


NOTES. 


A NEW edition of the Annual Register of the AMERICAN 
MatuematicaL Society will be issued in January next. 
Blanks for furnishing necessary information have been sent to 
each member. A prompt response will greatly facilitate the 
work of the Secretary. 


THE October number (volume 25, number 4) of the Ameri- 
can Journal of Mathematics contains: “The plane geometry 
of the point in point space of four dimensions,” by C. J. 
Keyser ; “On the functions representing distances, and analo- 
gous functions,” by H. F. Biicureitpt; “Surfaces whose 
lines of curvature in one system are represented on the sphere 
by great circles,” by L. P. EtsenHARtT ; “On the invariants of 
a homogeneous quadratic differential equation of the second 
order,” by D. R. Curtiss; “Surfaces of constant mean cur- 
vature,” by L. P. EIseENHART. 


AccorDING to the annual list published in Science, 266 doc- 
torates were conferred by American universities during the 
academic year 1902-1903. Of the 136 distributed among the 
“‘ sciences,” the following 7 are- recorded with theses in mathe- 
matics: H. A. ConvERSE, Johns Hopkins University, “Ona 
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system of hypocycloids ot class three inscribed to a given 3- 
line, and some curves connected with it”; D. R. Curtiss, 
Harvard University, “Binary families in a triply connected 
region, with especial reference to hypergeometric*families ” ; J. 
G. Hun, Johns Hopkins University, “ The invariant relations 
of two triangles”; HELEN A. MERRILL, Yale University, 
“On solutions of differential equations which possess an oscil- 
lation theorem” ; L. I. Nerkirk, University of Pennsylvania, 
“Groups of order p™ which contain cyclic subgroups of order 
C. E. Srromquist, Yale University, “On a special 
case of the generalized integral of length, together with certain 
contributions to the general theory ”; OswALD VEBLEN, Uni- 
versity of Chicago, “ A system of axioms for geometry.” 

The following Americans received the doctorate in mathe- 
matics from European universities in 1902-1903: RoBERrT 
FLEET, Heidelberg, “‘ Ueber Integrale partieller Differential- 
gleichungen”; C. L. Karprnski, Strassburg, “Ueber die 
Vertheilung der quadratischen Reste”; O. D. KELLOGG, 
Géttingen, “Zur Theorie der Integralgleichungen und des 
Dirichlet’schen Princips ” ; C. M. Mason, Gottingen, “‘ Rand- 
wertaufgaben bei gewohnlichen Differentialgleichungen” ; A. B. 
Prerce, Zurich, ‘‘ Classification and properties of dual conical 
congruences.” 


In connection with the third international congress of mathe- 
maticians, at Heidelberg, August 8-13, 1904, the hundredth 
anniversary of the birth of C. G. Jacosi will be marked by a 
memorial address and the issue of a memorial volume at the 
first general session of the congress. 

A notice of the congress was published in the July BULLE- 
TIN. All correspondence should be addressed to the Secretary, 
Professor Dr. A. KRAzErR, Wesiendstrasse 57, Karlsruhe. 


THE German mathematical society held its annual meeting, 
in affiliation with that of the German scientists and physicians, 
at Cassel, September 21-26, under the presidency of Professor 
F. Kien. Over thirty papers and reports were announced in 
the preliminary programme. A report of the meeting will ap- 
pear in a later number of the BULLETIN. 


THE British association for the advancement of science held 
its annual meeting at Southport, beginning on September 9, 
1903. The president of the association was Sir NorRMAN 
LockYer, and the president of Section A (mathematics and 
physics) was Mr. C. V. Boys. 
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TuHE Carnegie Institution has in preparation, under charge 
of the librarian of congress, a handbook of learned societies and 
institutions, which is to contain various information of impor- 
tance to scholars, but not hitherto published in convenient form. 


THE Prince Jablonowski Society of Leipsic announces the 
following subject for its prize competition concluding Novem- 
ber 30, 1906 : 

“ An investigation of the numbers analogous to the Ber- 
noulli numbers, especially in the field of the elliptic functions, 
which admit complex multiplication.” 


THE Belgian royal academy of sciences proposes for 1904 
the same prize question announced for the competition of 
1902, viz.: 

“A contribution to the algebraic and geometric theory of 
n-linear forms, 2 > 3.” 

The value of the prize is 600 francs. Papers must be in the 
hands of the secretary of the academy before August 1, 1904. 

The academy also awards every four years the Charles 
Lagrange prize of 1,200 francs to the author of the best 
mathematical or experimental work which contributes in an 
important respect to the mathematical theory of the earth. 
Papers must be submitted before January 1, 1905. 


THE several foreign universities named below offer the fol- 
lowing courses for the winter semester of 1903-04 : 


University oF BaseL.— By Professor H. KINKELIN : 
Differential and integral calculus, I, three hours; Analytic 
geometry, three hours; Differential equations, three hours ; 
Seminar, two hours. 


University OF BERLIN. — By Professor H. A. ScHwarz: 
Analytic geometry, four hours; Conics, two hours; Theory of 
analytic functions, four hours ; Colloquium two hours ; Semi- 
nar, three hours. — By Professor J. KNosiaucu : Differential 
calculus, four hours ; Theory of elliptic functions, four hours ; 
Exercises in differential calculus, one hour. — By Professor R. 
LEHMANN-Finufs: Integral calculus, four hours.— By Dr. 
E. Lanpau; Theory of determinants, four hours; Theory of 
functions, four hours ; Transcendence of e and 7, one hour. — 
By Professor F. Scour: Theory of algebraic equations, four 
hours; Theory of linear differential equations, four hours. — 
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By Professor G. Fropentus: Theory of number, four hours ; 
Seminar, three hours.—By Professor F. H. Scnorrky: 
Theory of Abelian functions, three hours; Potential theory, 
three hours ; Seminar, three hours — By Dr. E. AScHKINASS : 
Elements of higher mathematics, two hours. 


University oF Bern.—By Professor J. H. GraF: 
Bessel’s functions, three hours ; Elliptic functions, three heurs ; 
Differential equations, two hours ; Differential and integral cal- 
culus, two hours; Investments and insurance, two hours ; 
Seminars. —By Professor E. Orr: Integral calculus, two 
hours; Analytic geometry, II, two hours ; Analytic mechanics, 
two hours. — By Dr. A. Bente Descriptive geometry of 
curves, ruled surfaces, regular polyhedra, two hours ; Exercises, 
two hours ; Practical geometry, I, one hour ; Surfaces of rota- 
tion, one hour; Constructive perspective, one hour. — By 
Professor C. Moser : Probabilities and life insurance, one hour ; 
Seminar, two hours. —By Dr. L. Cre Synthetic 
geometry, two hours; Selected chapters from geometry, two 
hours. — By Dr. F. R. P. GRuNER : Mathematical physics, two 
hours. 


University oF Bonn. — By Professor L. HEFFTER: In- 
troduction to higher algebra, four hours; Theory of functions 
of a complex variable, four hours ; Exercises in theory of func- 
tions, one hour. — By Professor H. Kortum: Theory of curve 
lines and surfaces, two hours; Differential and integral cal- 
culus, II, four hours; Seminar, two hours. — By Professor 
R. Lipscuirz: Theory of numbers, four hours; Seminar, 
two hours. — By Professor J. Sommer: Plane projective geom- 
etry, two hours. 


University OF Brestau.— By Professor J. Rosanes: 
Algebraic equations, four hours; Elements of the theory of 
functions, two hours; Seminar, one hour, — By Professor R. 
Sturm: Differential and integral calculus, four hours ; Theory 
of geometric transformations, II, three hours; Seminar, two 
hours. — By Professor E. NEuMANN: Selected chapters from 
the potential theory, two hours ; Seminar, two hours. 


UNIVERSITY OF ERLANGEN. — By Professor P. GorDAN : 
Differential and integral calculus, four hours; Algebra, four 
hours ; Seminar, three hours. — By Professor M. NOETHER: 
Analytic geometry, I, four hours; Analytic mechanics, four 
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hours ; Mathematical exercises. — By Dr. A. WEHNELT: Intro- 
duction to the mathematical treatment of physics and chemistry, 
one hour; Exercises with Professor Schmidt, two hours. 


UNIVERSITY OF FREIBURG. — By Professor J. Liiroru : 
Plane analytic geometry and differential calculus, five hours ; 
Solid analytic geometry, three hours ; Seminar, one hour. — By 
Professor L. STICKELBERGER: Differential equations, four 
hours ; Theory of numbers, three hours. — By Professor A. 
Loewy: Algebraic analysis, four hours ; Selected chapters of 
algebra, two hours; Seminar.— By Dr. J. KoENIGSBERGER: 
Partial differential equations and physical applications, two 
hours. — By Professor K. SzrrH: Projective geometry, two 
hours. 


UNIVERSITY OF GENEVA.— By Professor C. CALLIER: 
Differential and integral calculus, three hours ; Rational me- 
chanics, three hours ; Higher analysis, two hours. — By Pro- 
fessor H. FEHR: Algebra, two hours; Analytic geometry, two 
hours ; Plane curves, one hour; Seminar, one hour; Exercises 
in the calculus, two hours, and in mechanics, two hours, with 
Professor Callier. — By Dr. J. Lyon: Determinants, one hour. 


University oF GressEN.— By Professor M. Pascu: 
Foundations of analysis, four hours; Introduction to the 
theory of invariants, two hours; Seminar, one hour.— By 
Professor E. Netro: Differential and integral calculus, three 
hours, with exercises, two hours ; Theory of algebraic equations, 
three hours ; Seminar, one hour. 


University or Graz.—By Professor J. FRISCHAUF: 
Higher analysis, three hours ; Theory of numbers, two hours ; 
Seminary, Quaternions with astronomical applications, two 
hours. — By Professor V. DANTSCHER: Analytic and projec- 
tive solid geometry, five hours; Seminar, two hours. — By 
Professor J. SrreissLER : Descriptive geometry, three hours. 


UNIVERSITY OF GREIFSWALD. — By Professor W. THomé : 
Analytic geometry, four hours; Theory of hypergeometric 
functions, one hour; Seminar, one hour.— By Professor E. 
Srupy : Infinitesimal calculus, II, four hours; Geometry in 
the complex field, two hours ; Exercises in the calculus, one 
hour ; Seminar. — By Professor G. KowALEwskKI: Function 
theory, II, elliptic functions, four hours; Exercises in the 
theory, one hour; Theory of continued fractions, one hour. 
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UnIversity OF HALLE. — By Professor G. Cantor: Dif- 
ferential and integral calculus, II, four hours; Seminar, one 
hour. — By Professor A. WANGERIN: Theory of potential and 
spherical functions, four hours; Elliptic functions, II, with 
applications, three hours ; Solid analytic geometry, two hours ; 
Seminar, one hour.— By Professor V. EBERHARD: Linear 
equations and determinants, two hours ; Elements of the theory 
of functions, two hours ; Exercises, one hour. 


UNIVERSITY OF HEIDELBERG. — By Professor L. K6nics- 
BERGER: Theory of elliptic functions, two hours; Selected 
chapters from the integral calculus, two. hours; Seminar, two 
hours; Analytic mechanics, four hours.— By Professor M. 
Cantor: Differential and integral calculus, four hours; Exer- 
cises, one hour ; Political arithmetic, two hours. — By Professor 
F. Etsentour: Differential and integral calculus, five hours ; 
Theory of potential, two hours ; Theoretical optics, four hours. 
— By Professor K. Koen er : Solid analytic geometry, three 
hours. — By Professor G. LanpsBere : Descriptive geometry, 
four hours; Theory of curved lines and surfaces, four hours. 


University or Inxspruck. — By Professor Orto Stoiz: 
Differential and integral calculus, four hours; Arithmetic, IT, 
complex numbers, one hour ; Theory of functions (Weierstrass), 
one hour. — By Professor W. WIRTINGER: Theory of num- 
bers, three hours; Elliptic functions, two hours; Seminar, 
two hours. — By Professor K. ZinpLER: Descriptive geom- 
etry, four hours. 


University oF Kiev. — By Professor L. PocHHAMMER : 
Solid geometry, three hours; Differential equations with one 
independent variable, three hours; Seminar, one hour. — By 
Professor P. SrdckEL: Integral calculus, three hours ; Elliptic 
functions, four hours ; Seminar, Elliptic functions, one hour. 


University OF KoéniesBerc. — By Professor F. MEYER: 
Solid analytic geometry and projective geometry, four hours, 
with exercises, one hour; Analytic mechanics, four hours, with 
exercises, one hour. — By Professor A. SCHOENFLIEs: Intro- 
duction to higher mathematics, two hours; Theory of func- 
tions, four hours; Seminar, two hours.— By Professor L. 
SaaiscHiitz: Higher differential quotients and inversion of 
series, two hours ; Theory of numbers, two hours. — By Dr. T. 
VABLEN: Integral calculus, four hours, with exercises, one 
hour ; Descriptive geometry, four hours. 
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UNIVERSITY OF LAUSANNE. — By Professor H. AmsTern : 
Differential and integral calculus, I, six hours ; II, two hours ; 
Exercises, three hours; Theory of functions, three hours ; 
Calculus for scientists, three hours. — By Professor H. Joiy : 
Descriptive geometry, I, five hours; Exercises, one hour; 
Analytic geometry, two hours; Geometry of position, two 
hours ; Plane curves, two hours. 


Universiry oF Lerpsic.— By Professor K. NEUMANN: 
Analytic mechanics, four hours ; Mathematical Seminar, two 
hours. — By Professor O. HOLDER: Differential and integral 
calculus, five hours ; Selected chapters from the theory of ellip- 
tic modular functions, two hours ; Seminar, one hour. — By 
Professor F. ENGEL. — Solid analytic geometry, two hours ; 
Theory of functions, four hours; Transformation groups and 
differential equations, two hours; Seminar, one hour. — By 
Professor F. Hausporrr: Algebra and determinants, two 
hours. 


University oF Marsurc. — By Professor E. Hess: Solid 
geometry treated analytically and synthetically, four hours ; Al- 
gebraic equations and determinants, four hours ; Seminar, two 
hours. — By Professor K. Henseu: Integral calculus, five 
hours ; Differential equations, four hours ; Seminar, two hours. 
— By Dr. F. von Datwick : General theory of surfaces and 
space curves, four hours.— By Dr. H. June: Algebraic 
analysis, four hours ; Calculus of variations, four hours ; Exer- 
cises in the calculus, two hours. 


UnNIversiTy oF Municu. — By Professor G. BAUER: Sem- 
inar.— By Professor F. LinpemMANN: Differential calculus ; 
Theory of abelian functions ; Seminar, (a) automorphic func- 
tions, (6) applications of elliptic functions. —By Dr. K. 
D6HLEMANN: Descriptive geometry, I, with exercises ; Mod- 
ern synthetic geometry, with exercises.—By Dr. H. K. 
Bruny: Algebra and determinants. — By Professor E. von 
WeseER: Introduction to the theory of analytic functions ; 
Differential geometry. — By Professor ANDING: Probabilities 
and least squares. 


Universiry oF Minster. —By Professor W. : 
Potential theory, four hours ; Differential and integral calculus, 
II, three hours ; Noneuclidean geometry, two hours ; Seminar, 
two hours ; Exercises in the calculus, one hour. — By Professor 
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R. von LirentHaL: Analytic geometry, II, four hours ; 
Theory of curves and surfaces, four hours ; Political arithmetic, 
two hours ; Seminar, one hour. — By Dr. M. DEHN: Algebra, 
two hours ; Irrational numbers and the quadrature of the circle, 
two hours. 


UnIversiry oF NEUcHATEL. — By Professor L. IsEty : 
Infinitesimal calculus, two hours; History of mathematics, in 
French Switzerland, three hours. — By Professor L. GABEREL : 
Theory of functions, three hours. 


University OF Pracue.—By Professor G. Pick: Functions 
of a complex variable, three hours ; Theory of numbers, two 
hours ; Seminar, two hours. — By Professor J. A. GMEINER: 
Differential calculus, three hours; Space curves and surfaces, 
two hours. — By Dr. W. Weiss: Projective geometry, two 
hours. 


University oF Rostock.—By Professor O. STAUDE: 
Plane analytic geometry, four hours; Algebra, four hours ; 
Seminar, two hours. 


University or Srrasspurc.— By Professor T. REYE: 
Solid analytic geometry, modern methods, three hours ; Math- 
ematical theory of elasticity, two hours ; Seminar, two hours. — 
By Professor H. Weser: Differential and integral calculus, 
four hours ; Theory of elliptic functions, four hours ; Seminar, 
two hours. — By Professor G. Rorn: Algebraic analysis and 
determinants, three hours ; Solid analytic geometry, two hours ; 
Ordinary differential equations, two hours. — By Professor M. 
Diste1: Plane analytic geometry, three hours; Graphic 
statics, two hours; Exercises, two hours ; Seminar, two hours. 
—By Dr. P. Epstein. — Differential geometry, theory of 
curves and surfaces, three hours. 


University oF TiBINGEN. — By Professor A. von BRILL: 
Introduction to higher mathematics, four hours; Theory of 
algebraic curves, three hours ; Seminar, two hours. — By Pro- 
fessor H. Straui: Higher analysis, II, four hours ; Partial 
differential equations, three hours ; Seminar, two hours. — By 
Professor L. Maurer: Elliptic functions, two hours ; Exer- 
cises, one hour ; Descriptive geometry, II, one hour ; Exercises, 
two hours. 


Unstversiry oF VIENNA.— By Professor G. von Es- 
CHERICH : Definite integrals, five hours ; Proseminar, one hour ; 
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Seminar, two hours. — By Professor F. MERTENS: Differential 
and integral calculus; Proseminar, one hour; Seminar, two 
hours. — By Professor G. Koun: Analytic geometry, four 
hours, with exercises, one hour; Curves and surfaces of the 
third order, two hours. — By Dr. A. TauBer: Theory of func- 
tions, four hours ; Mathematics of insurance, four hours. — By 
Dr. E. BLascHKeE: Introduction of mathematical statistics, IT, 
three hours. —By Dr. R. DAUBLEBSKY von STERNECK: Di- 
vision of the circle, and Kummer’s numbers, two hours. — By 
Dr. K. Carpa: Differential geometry, two hours. — By Dr. 
J. PLEMELJ : Theory of numbers, two hours. — By Dr. Griin- 
WALD: Fourier’s series and integrals, one hour. 


University oF Wirzpurc.— By Professor F. Prym: 
Differential calculus, with an introduction to the higher 
analysis, five hours; Seminar, exercises in the calculus, two 
hours ; Selected chapters from higher mathematics, two hours. 
— By Professor E. SELLING: Integration of ordinary differential 
equations, four hours. — By Professor G. Rost: Solid analytic 
geometry, four hours; Plane analytic geometry, four hours ; 
Seminar, geometry, two hours ; Determinants, two hours. 


University oF Zuricu. — By Professor H. BURKHARDT : 
Differential and integral calculus, four hours; Seminar, two 
hours. — By Professor A. WEILER : Analytic geometry, I, three 
hours ; Descriptive geometry, I, three hours ; Synthetic geom- 
etry, three hours ; Analytic geometry, two hours ; Algebra, two 
hours. — By Dr. E. GuBLER: Algebraic analysis, two hours ; 
Theory of numbers, continued, one hour ; Teaching of mathe- 
matics, two hours. 


THE technical high schools named below offer the following 
courses in mathematics for the winter semester of 1903-04. 


A1x-LA-CHAPELLE. — By Professor E. Jiincens: Higher 
mathematics. — By Professor F. Korrer: Descriptive geom- 
etry; Graphic statics. — By Professor H. von MANGOLDT; 
Higher mathematics, II ; Seminar ; Commercial mathematics ; 
Insurance. 


Bertin. — By Professor O. DziopeK: Higher mathe- 
matics. — By Professor E. HAENTZSCHEL: Differential and 
integral calculus; Analytic geometry.— By Professor G. 
Hauck: Descriptive geometry, I.— By Professor H. HERT- 
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ZER: Descriptive geometry, I.— By Professor G. HETTNER : 
Higher mathematics; Theory of curves and surfaces. — By 
Professor 8. JoLLEs: Descriptive geometry, I ; Graphic stat- 
ics. — By Professor E. Lampe: Higher mathematics ; Defi- 
nite integrals and differential equations. — By Professor E. 
Srernitz: Theory of potential; Theory of functions; Alge- 
bra ; Synthetic geometry.— By Dr. HEssenBERG ; Descriptive 
geometry,-II. — By Dr. E. JAHNKE: Vectors and their appli- 
cation to mechanics ; Repetitorium on analytic geometry and 
the calculus. — By Professor S. KaLiscuEer : Theory of poten- 
tial; Mechanics. — By Dr. R. Differential and 
integral calculus. 


Britny. — By Professor O. BrerMANN: Selected chapters 
from higher mathematics, II, four hours; Approximation 
methods, two hours; Graphic computation, one hour. — By 
Professor O. Rupp: Descriptive geometry, six hours. — By 
Dr. F. OpENRAUCH: History of geometry, one hour. 


Brunswick. — By Professor R. DEDEKIND: Theory of 
numbers ; Fourier’s series. — By Professor R. Fricke: An- 
alytic geometry and algebra ; Differential and integral calculus ; 
Theory of potential; Analytic mechanics.—By Professor R. 
Mt ier: Descriptive geometry ; Geometry of position ; Geom- 
etry of motion ; Stereometry ; Perspective constructions. — By 
Professor A. WERNICKE : Foundations of higher mathematics. 


CARLSRUHE. — By Professor R. K. H. Haussner: Dif- 
ferential geometry, two hours. — By Professor A. KRAzER: 
Theory of functions, two hours; Higher mathematics, II, 
three hours. — By Professor F. Scour: Descriptive geometry, 
four hours, with exercises, four hours ; Graphical statics, two 
hours; Modern synthetic geometry, two hours. — By Pro- 
fessor L. F. WEDEKIND: Higher mathematics, I, six hours, 
with exercises, two hours. 


Hanover. — By Professor L. Kiepert: Differential and 
integral calculus, five hours, with exercises, one hour: Geom- 
etry of position, three hours; selected chapters from higher 
mathematics, three hours. — By Professor C. RuNGE: Differ- 
ential and integral calculus, four hours, with exercises, one 
hour; Plane and solid analytic geometry, three hours. — By 
Professor C. RopENBERG: Descriptive geometry, I, three 
hours, with exercises, six hours; II, three hours, with exer- 
cises, six hours. 
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Municu. — By Professor W. von Dyck : Higher mathema- 
tics, I, with exercises; Introduction to the Cayley-Riemann 
function theory.— By Professor S. FinsrerwALDER: Higher 
mathematics, III, with exercises ; Seminar, with Professor von 
Dyck. — By Professor A. von BraunmMiHL: Elements of 
higher mathematics, I, with exercises ; Algebraic analysis, with 
exercises ; Seminar in the history of mathematics. — By Pro- 
fessor L. BuRMESTER: Descriptive geometry, I, with exercises. 
— By Professor ANDING: Probabilities and least squares. 


SruTtGart. — By Protessor K. Curves; Solid 
analytic geometry ; Modern analytic geometry of the plane and 
of space; Differential and integral calculus ; Seminar. — By 
Professor R. MEHMKE: Descriptive geometry ; Pure mechan- 
ics ; Seminar.— By Dr. E. W6LFrine: Theory of functions, 
I; Differential and integral calculus. 


THE list of rectors for the present academic year of the Ger- 
man technical high schools includes the following mathema- 
ticians: Berlin, Professor G. HETTNER; Darmstadt, Professor 
F. Dince.pey; Hanover, Professor L. Krerert; Munich, 
Professor W. von Dyck. Professor G. von EscHERIcH has 
been elected rector of the University of Vienna, and Professor 
J. Rosanes rector of the University of Breslau. 


Proressor R. Lipscuitz, of the University of Bonn, re- 
cently celebrated his semi-centennial doctorate anniversary. 


TuHE following recent academic promotions and appoint- 
ments are reported: Dr. E. von WEBER has been promoted 
to a professorship at the University of Munich, Dr. G. Rost 
to a professorship at Wiirzburg, Dr. E. Narrscu to a pro- 
fessorship at the Dresden technical high school. Dr. E. 
Srernitz has been promoted to succeed the late Professor M. 
Hamburger at the Berlin technical high school. Dr. A. THuE 
has been appointed professor of applied mathematics in the 
University of Christiania. 

Dr. A. G. Haut, of the University of Michigan, has been 
appointed assistant professor of mathematics in the University 
of Illinois. Dr. A. B. Prerce and Mr. T. R. Runnine have 
been appointed instructors in mathematics at the University of 
Michigan. 


Mr. L. C. WALKER has been appointed head of the depart- 
ment of mathematics in the Colorado school of mines. 
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Proressor J. B. Saw, of Kenyon College, has been ap- 
pointed professor of mathematics in the James Millikin Uni- 
versity, Decatur, Ill. 


Dr. C. N. Hasxrys has been appointed instructor in mathe- 
matics in the Sheffield Scientific School of Yale University. 


Dr: H. L. Rrerz has been appointed instructor in mathe- 
matics at the University of Illinois. 


Dr. H. F. Strecker has been appointed instructor in mathe- 
matics at the Pennsylvania State College. 


TuE following appointments are also announced: Dr. J. G. 
Hoy as instructor in mathematics in Princeton University ; 
Mr. J. E. Stocker as instructor in mathematics in Lehigh 
University ; Mr. J. D. FLYNN as instructor in mathematics in 
Trinity College, Hartford, Conn.; Mr. E. I. SHEPARD as in- 
structor in mathematics in Williams College; Mr. J. A. SwEN- 
SON as assistant in mathematics in Columbia University. 


Proressor O. Réruie died at Berlin, June 14. Professor 
S. Veccut, of the University of Parma, died May 23. Pro- 
fessor E. Weyr, of the Bohemian technical high school at 
Prague, died July 23, at the age of fifty-one years. 

Proressor B. G. Brown, for thirty-five years professor of 
mathematics at Tufts College, died September 29, at the age of 
sixty-six years. 

Tue following catalogues of second-hand mathematical 
works have recently appeared: List and Francke, 2 Thal- 
strasse, Leipsic, catalogue no. 354, 1156 works on mathematics, 
besides physical and astronomical works; A. Nardecchia, 42 
Via dell’ Universita, Rome, 415 works on mathematics. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ALEXEJEFF (W.G.). Die Mathematik als Grundlage der Kritik wissen- 
schaftlich-philosophischer Weltanschauung. Dorpat, 1903. 


ALFSEN (M.). Analytisk plangeometri. Christiania, 1903. 8vo. 124 


pp- Cloth. M. 2.50 
AMSTEIN (M.). See Souncke (L. A.). 
BERNSTEIN (F.). Ueber die Klassenkérper eines algebraischen 


Zahlkorpers. (Habilitationsschrift.) Halle, 1903. 8vo. 58 pp. 


Braue (Tyco). Brevissimum planimetriae compendium. Sua manu 


exaravit B. Nune primum edidit F. J. Studnitka. Prag, Rivnad, 
1903. 8vo. 14 pp., 1 plate, portrait. M. 3.50 


Dickson (L. E.). Ternary orthogonal group in a general field and the 
groups defined for a general field by the rotation groups. (Uni- 
versity of Chicago decennial publications, Vol. 9, series 1.) Chi- 
eago, 1902. 4to. 17 pp. $0.50 


Diurinc (E. und U.). Neue Grundmittel und Erfindungen zur 
Analysis, Algebra, Functionsrechnung und zugehérigen Geometrie, 
sowie Principien zur mathematischen Reform. Theil 2: Trans- 
radicale Algebra und entsprechende Lésung der allgemeinen, auch 
iiberviergradigen Gleichungen. Leipzig, Reisland, 1903. 8vo. 12+ 
147 pp. M. 4.00 


Dutac .(H.). Recherches sur les points singuliers des équations dif- 
férentielles. (Thése.) Paris, Gauthier-Villars, 1903. 4to. 131 
pp- 


Exriqves (F.).  Vorlesungen iiber projektive Geometrie. Deutsche 
Ausgabe von H. Fleischer. Mit einem Einfiihrungswort von F. 
Klein. Leipzig, Teubner, 1903. 8vo. 367 pp. M. 8.00 


ErmMéExyr. Josef Petzvals Leben und Verdienste. 2te, vermehrte 
Auflage. Halle, 1903. 8vo. 4+ 86 pp. M. 2.40 


(H.). See Enriques (F.). 


Forp (W. B.). Sur la fonction définie par une série de Maclaurin. 
4to. (Journal de mathématiques pures ct appliquées (5), Vol. 9, 
pp. 223-232.) 


FreNet (F.). Collection of exercises in the infinitesimal calculus. 
Translated from the fifth French edition by G. I. Semionov. Mos- 
cow, 1902. 8vo. 482 pp. (Russian.) M. 8.50 


Freunp (E.). Elemente der Differential- und Integralrechnung. 
(Progr.) Pilsen, 1902. 8vo. 35 pp. 


Fueter (R.). Der Klassenkérper der quadratischen Kérper und die 
complexe Multiplication. (Diss.) Gdéttingen, 1903. 8vo. 69 pp. 
4 plates. 
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GREEN (G.). Mathematical papers, edited by N. Ferrers. Cambridge, 
1902. Facsimile reprint. Paris, 1903. M. 16.00 


GrorenpurstT (N. C.).  Beginselen der waarschijnlijkheidsrekening 
en van de theorie der fouten. Breda, 1903. 8vo. 4+ 185 pp. 
M. 6.40 


GtntTner (N. M.). Analytic geometry. St. Petersburg, 1903. 8vo. 
665 pp. (Russian.) 


Hatt (A. G.). Bestimmung der Definitionsgleichungen aller endlichen 
continuirlichen Gruppen von Punkttransformationen in der Ebene. 
Leipzig, Breitkopf und Hiirtel, 1902. 8vo. 68 pp. M. 2.00 


Henrict (O.) and Turner (G. C.). Vectors and rotors, with applica- 
tions. London, Arnold, 1903. S8vo. 220 pp. Cloth. 4s. 6d. 


Herwee (O0.). Ein Beitrag zur Aufliisung der Gleichungen des 4. 
Grades. (Progr.) Neustadt, 1903. 4to. 22 pp. 


Hoorn (J. van). Historisch-eritisch oversicht der in de vorige eeuw 
verschenen methode vor het stelonderwijs. Groningen, 1903. 8vo. 
252 pp. M. 3.00 


Housman (A. E.). See MANILII. 


JANRESBERICHT der deutschen Mathematiker-Vereinigung. Vol. X, 
Heft 2, enthaltend: H. Burkhardt, Entwicklungen nach oscillirenden 
Functionen, pp. 401-768. Herausgegeben im Auftrage des Vor- 
standes von R. Mehmke und A. Gutzmer. Leipzig, Teubner, 1903. 
8vo. M. 9.85 


Kettocc (O. D.). Zur Theorie der Integralgleichungen und des 
Dirichiet’schen Princips. (Diss.) Géttingen, 1902. 8vo. 43 pp. 


Krepert (L.). Grundriss der Differential- und Integralrechnung. Teil 
Il: Integralrechnung. 8te verbesserte und vermehrte Auflage des 
gleichnamigen Leitfadens von weiland Dr. Max Stegemann. Han- 


nover, Helwing, 1903. 8vo. 20+ 665 pp. M. 12.00 
—. Tabelle der wichtigsten Formeln aus der Integralrechnung. 
Hannover, Helwing, 1903. S8vo. 47 pp. M. 0.50 
Kusistra (A.). Ruimtebeschouwingen in verband met den Pascalschen 
zeshoek. Helder, 1903. 8vo. 8-+ 94 pp. M. 3.00 
Kircupercer (P.). Ueber Tchebychefsche Anniiherungsmethoden. 


(Diss.) Géttingen, 1902. 8vo. 96 pp. 
Koxotr (P.). Zur Theorie der Ponceletschen Polygone.  (Progr.) 
Sagan, 1903. 4to. 20 pp. 


KomMMERELL (V. und E.)}. Allgemeine Theorie der Raumkurven und 
Flichen. Vol. I. Leipzig, Géschen, 1903. 12mo. 7+ 144 pp.. 
Cloth. (Sammlung Schubert, No. XXIX.) M. 4.80 


Lasker (E.). Ueber Reihen auf der Convergenzgrenze.  (Diss.) 
Erlangen, 1900. 4to. 26 pp. 
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Lesser (O.). Der Kegelschnitt als kollineare Kurve des Kreises unter 
besonderer Beriicksichtigung der harmonischen Verwandtschaft. 
(Progr.) Frankfurt, 1903. 4to. 35 pp. 10 plates. 


Linpow (M.). See Souncke (L. A.). 


Lossert (B.). Das Kegelschnittbiischel. (Progr.) Wien, 1903. S8vo. 
37 pp. 
Manitu Astronomicon liber primus. Recensvit et enarravit A. E. 


Housman. Accedunt emendationes librorum II, III, IV. London, 
Richards, 1903. 8vo. Cloth. 4s. 6d. 


Marion (E.). Beitriige zur Theorie der Gammafunktion. (Progr.) 
Hildesheim, 1903. 8vo. 22 pp. 


Mascuke (II.). Invariants of differential quantices. (University of 
Chicago decennial publications, Vol. 9.) Chicago, 1903.  4to. 
14 pp. $0.25 


Mason (C. M.). Randwertaufgaben bei gewéhnlichen Differential- 
gleichungen. (Diss.) Géttingen, 1903. 8vo. 75 pp. 


Massari (V.). Determinazione dei coefficienti che si presentano nel 

caleolo dell’ integrale Napoli, De Ru- 
1+ ax-+ + ex? + dz 
bertis, 1903. 8vo. 33 pp. 

NeuMANN (E.). Die Methode des arithmetischen Mittels in ihrer 
Anwendung auf die reciproke Curve der Ellipse. (Diss.) Leipzig, 
1902. 8vo. 27 pp. 

Peano (G.). Formulaire de mathématiques, publié par la Revue de 


mathématiques (Rivista di matematica). Vol. IV (édition de 
1902). Turin, 1903. 8vo. 311 pp. Fr. 9.00 


Pesarest (U.). Studio delle trasformazioni cui danno origine aleune 
funzioni di variabile complessa secondo Riemann. Firenze, Ricci, 
1903. Svo. 36 pp. 


Posse (K. von). Lectures on the differential calculus. St. Peters- 
burg, 1903. S8vo. 240 pp. Lith. (Russian.) 


Rarry (L.). See Rosin (G.). 


Rosix (G.). Oeuvres’ scientifiques. Réunies et publiées sous les 
auspices du ministére de Vinstruction publique, par’L. Raffy. 
Théorie nouvelle des fonctions, exclusivement fondée sur Vidée du 
nombre. Paris, Gauthier-Villars, 1903. 8vo. 216 pp. Fr. 7.00 


ROLtNER (F.). Ueber Aehnlichkeit und Symmetrie. Bemerkungen 
zur gleichnamigen Abhandlung von 1900. (Progr.) Rémerstadt, 
1902. 8vo. 6 pp. 

——. Zur V- Vorlesung Lagranges iiber die Functionenrechnung. 
Abgekiirzte Darlegung auf Grund des Wertigkeitsprinzips. (Progr.) 
Rémerstadt, 1902. 8vo. 7 pp. 


(H.). Die Gleichung der Kegelschnittstangente. ( Progr.) 
Wien, 1903. Svo. 27 pp. 1 plate. 
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Sacer (P.). Uebersicht iiber die Entwicklung der Theorie der 
geodiitischen Linien seit Gauss. Rostock, 1903. 8vo. 89 pp. 


SanTorRELLI (G.). Una lezione sul binomio di Newton. Napoli, De 
Rubertis, 1903. 8vo. 15 pp. Fr. 0.80 


ScHAEWEN (P. von). Die homogenen diophantischen Gleichungen 
zweiten Grades mit drei Unbekannten. (Progr.) Glogau, 1903. 
4to. 41 pp. 


ScuLorke (J.). Lehrbuch der Differential- und Integralrechnung. 
Dresden, Kiihtmann, 1903. 8vo. 6 -+ 256 pp. M. 7.80 


Semionov (G. 1.). See Frenet (F.). 


(M.).  Analytische Geometrie des Raumes. 2te, verbesserte 
Auflage. Leipzig, Gischen, 1903. 16mo. 205 pp. (Sammlung 
Géschen, No. 89.) M. 0.80 


(K.). LEinfiihrung in die Differential- und Integralrechnung. 
Sonderabdruck aus dem Osterprogramm 1842 der Kreuzschule 
(Gymnasium zum h. Kreuz) zu Dresden, veranlasst durch einen 
profanen Verehrer des Verfassers, Oberhofmarschall a. D. Hans 
Freiherr von Koenneritz. Dresden, Huhle, 1903. 8vo. 32 pp. 

M. 0.80 


Souncke (L. A.). Sammlung von Aufgaben aus der Differential- und 
Integralrechnung. Teil. I: Differentialrechnung. Herausgegeben 
von H. Amstein. 6te, verbesserte Auflage, bearbeitet von M. 
Lindow. Halle, Schmidt, 1903. 8vo. 11+ 304 pp. M. 5.00 


Strauve (O.). Die Hauptepochen der Entwicklung der neueren Mathe- 
matik. (Gelegenheitsschrift.) Rostock, 1902. 8vo. 15 pp. 


STEGEMANN (M.). See Kiepert (L.). 


Strentow (F.). Winkel- und Streckengenauigkeit und ihr Verhiiltnis. 
(Diss.) Rostock, 1903. 8vo. 67 pp. M. 1.80 


Stupnicka (F. J.). See Brane (Tycno). 


Suvorov (F. M.). Integral calculus. Parts I and II: Indefinite 
integration and application of the integral calculus to geometry. 
Kazan, 1903. Svo. 288 pp., 2 plates. (Russian.) 


TacHAvER (A.). Ueber diejenigen Fliichen, auf denen zwei Scharen 
geodiitischer Linien ein conjugiertes System _bilden. (Diss.) 
Wiirzburg, Freudenberger, 1903. 8vo. 68 pp., 1 plate. M. 2.00 


TANNERY (J. et P.). Notions de mathématiques. Suivi de: notions 
historiques. Classe-de philosophie, certificat des sciences physiques, 
chimiques et naturelles, ete. (programmes du 31 mai 1902). Paris, 
Delagrave, 1903. 18mo. 10-+ 352 pp. 


THIENEMANN (W.). Die von Quadraten und gleichseitigen Dreiecken 
begrenzten Eulerschen Vieltlache, deren Ecken dieselbe Anzahl 
Kanten besitzen. (Progr.) Essen, 1903. 4to. 16 pp. 1 plate. 


TuéLote. Das Potential der natiirlichen Belegung auf Kreis- und 
Konoidfliichen. (Progr.) Dessau, 1903. 4to. 16 pp. 
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Turner (G.C.). See Henrictr (0.). 


Van Vieck (E. B.). On an extension of the 1894 memoir of Stieljes. 


4to. (Transactions of the American Mathematical Society 4, pp. 
297-332. ) 


—. A suflicient condition for the maximum number of imagina 
reots of an equation of the mth degree. 4to. (The Annals of 
Mathematics (2) 4, pp. 191-192.) 


WALLsTAFF (W.). Ueber eine besondere Cremona’sche Transformation. 
(Diss.) Breslau, 1902. 8vo. 73 pp. 


WeEnHNER (H.). Untersuchungen iiber die Grundlagen der Raum- und 
der Zeitmessung. (Progr.) Plauen, 1903. 4to. 33 pp. 


Wererstrass (K.). Mathematische Werke. Herausgegeben unter 
Mitwirkung einer von der k. preussischen Akademie der Wissen- 


schaften eingesetzten Commission. Abteilung I: Abhandlungen. 
Vol. III. Berlin, Mayer & Miiller, 1903. 4to. 8+ 362 pp. 


ZtuLke (P.). Ueber die Vervielfiltigung von Kreisbogendreiecken 
nach dem Symmetriegesetze. (Progr.) Charlottenburg, 1903. 
8vo. 22 pp. 


Il. ELEMENTARY MATHEMATICS. 


Avasia (C.). Saggio terminologico-bibliografice sulla recente geo- 
metria del triangolo. Bergamo, 1902: 8vo. 43 pp. 


ANGULO y Moxrates (J.). Tratado de aritmetica y calcolos mercantiles 
con los elementos de algebra. 4ta edicion corregida. Vol. I: 
Aritmetica teorico-practica. Madrid, 1903. 4to. 655 pp. 


Fr. 30.00 
AskwiTin (E. H.). A course of ptire geometry. London and New 
York, Macmillan, 1903. 12mo. 12+ 208 pp. Cloth. $1.25 


Battery (M. A.). High school algebra. New York, American Book 
Company, 1903. $0.90 


Bircn (H.R.). Algebraical factors and methods of using them. With 
answers. London, Simkin, 1903. 12mo. Cloth. 2s. 6d. 


BianckE (H.). Raumlehre. Auflisungen. Hannover, Schmorl and 
von Seefeld, 1903. S8yvo. 16 pp. M. 0.40 


Borer (E.). Algébre (premier cycle). Paris, Colin, 1903. 16mo. 
256 pp. Fr. 2.50 


——. Arithmétique, suivie de notions d’algébre. Cours de mathé- 
matiques, xédigé conformément aux programmes (31 mai 1902, 
troisiéme A). Paris, Colin, 1903. 16mo. 8-+ 224 pp. Fr. 2.50 


Bourtet (C.). Cours abrégé d’arithmétique, rédigé conformément aux 
programmes du 31 mai 1902, 2 usage du premier cycle de l’en- 
seignement secondaire, des premiére et deuxi@me années de l’en- 


M. 24.00 
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seignement secondaire de jeunes filles, des candidats aux certificats 
d'études primaires supérieures et au brevet élémentaire. (Cor- 
rigés des 1421 exercices et problémes, avec la collaboration de J. 
Hulot, licencié @s sciences.) Paris, Hachette, 1903. 16mo. 525 
pp- Fr. 3.50 


Branpt (J.). Bijdrage tot de vermaarde problem der oudheid: de tri- 
sectie van den vlakken hoek. Amsterdam, 1903. 4to. 15 pp. 
M. 0.50 


Braune (A.). Raumlehre fiir Volks-, Biirger- und Fortbildungsschulen, 
sowie fiir Priiparanden-Anstalten; nach methodischen Grund- 
siitzen bearbeitet. Bearbeitet von Skorezyk. Anhang: 
Methodische Erérterungen, ausgefiihrte Lektionen und Auflésungen 
zu den Aufgaben. Halle, Schroedel, 1903. 8vo. 12 pp. M. 0.30 


BREMIKER (C.). Logarithmisch-trigonometrische Tafeln mit 5 Decimal- 
stellen. 9%te Auflage, von A. Kallius. Berlin, 1903. 8vo. 192 pp. 
Cloth. M. 1.50 


Briccs (W.). Synopsis of trigonometry. 3d edition. (University 
Tutorial Series.) London, Clive, 1903. 8vo. 48 pp. 1s. 


Burati-Fortr (C.) Rasorino (A.). Elementi di algebra per le 
scuole medie inferiori. 2a edizione, intieramente rifatta. Torino, 
Petrini, 1903. lémo. 4-+ 155 pp. Fr. 1.75 


Burkitt (F. G.). Tables of logarithms and decimals adapted to busi- 
ness and statistical calculations. London, Simkin, 1903. 8vo. 
Cloth. Is. 


Burn (G. F.). First stage practical plane and solid geometry. Written 
to meet the requirements of the new syllabus, 1902-3, of the Board 
of Education; and containing the 1901, 1902, and 1903 examina- 
tion papers. London, Clive, 1903. Svo. 248 pp. Cloth. 2s. 


C. (F. L.). Tables de logarithmes 4 cinq décimales pour les nombres 
de 1 4 10,000 et pour les fonctions trigonométriques de minute a 
minute. Edition stéréotype. Paris, Poussielgue, 1903. 16mo. 
8+ 148 pp. 


CasTLeE (F.). Key to practical mathematics for beginners. Tondon, 


Maemillan, 1903. 8vo. Cloth. 5s. 
Davinov (A.). Elementary algebra. 14th edition, revised by V. F. 
Naidenov. Moscow, 1903. 8vo. 472 pp. (Russian.) M. 5.00 


EXAMINATION papers for entrance and minor scholarships and exhibi- 
tions in the colleges of the University of Cambridge, 1902-1903: 
Mathematics. London, 1903. 4to. Cloth. ls. 6d. 


Fairorer (A.). Eléments de géometrie a l’usage des éléves de ]’enseigne- 
ment moderne et des lycées. Traduction de la treizitme édition 
italienne par F. Talanti. Paris, Rogier, 1903. 16mo, 584 pp. 

Fr. 5.00 


Fazzinit (U.). Complementi d’algebra. Livorno, Giusti, 1903. 16mo. 
92 pp. (Biblioteca degli studenti; riassunti per tutte le materie 
d’esame nei licei, ginnasi, istituti teenici ecc., Vol. 88.) Fr. 0.50 


\ 
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FEenKNER (H.). Lehrbuch der Geometrie fiir den mathematischen Unter- 
richt an hdheren Lehranstalten. Mit einem Vorwort von W. 
Krumme. Teil 1: Ebene Geometrie. 4te, umgearbeitete und 
vermehrte Auflage. Berlin, Salle, 1903. 8vo. 8 -+ 224 pp. 


. 2.20 
Fisn (J. C. L.). Descriptive geometry. Palo Alto, Cal., Fish, 1903. 
12mo. 64 pp. Cloth. $1.75 


Focke (M.). und Krass (M.). Lehrbuch der ebenen Trigonometrie 
nebst den Grundziigen der sphiirischen Trigonometrie, zum Ge- 
brauche an Gymnasien, Realgymnasien und anderen hidheren 
Lehranstalten. 9te, nach den neuen Lehrpliinen verbesserte Auflage. 
Miinster, Coppenrath, 1903. 8vo. 4+ 80 pp. Cloth. M. 1.60 


Fuss (K.). Rechenaufgaben aus der Planimetrie und Stereometrie. 
Resultate, Lésungsandeutungen und ausfiihrliche Auflisungen. Fiir 
den Schul- und Selbstunterricht bearbeitet. 3te, vermehrte und 
verbesserte Auflage. Niirnberg, Korn, 1903. 8vo. 8-+ 151 pp. 


M. 2.00 

GLASER (R.). Stereometrie. 2te, umgearbeitete und vermehrte 
Auflage. Leipzig, Gischen, 1903. 16mo. 140 pp. (Sammlung 
Géschen, No. 97.) M. 0.80 


Gru (P.). Die trigonometrische Berechnung der ebenen Figuren. 
Leipzig, Diirr, 1903. 8vo. 62 pp. M. 0.80 


Hapenicut (B.). Der Schliissel zur Gleichungslehre; ein Buch fiir 
zuriickgebliebene, aber fleissige Schiiler. Leipzig, Teubner, 1903. 
12mo. 16 pp. M. 0.40 


Hauperstapt (V.). Solutions to F,. Bychkov’s Problems in algebra. 
2d edition, revised. Part Il]. Kiev, 1902. 8vo. 348 pp. (Rus- 
sian.) M. 3.00 


Haut (H. S.) and Stevens (F. H.). -A school geometry. Part III: 
Cireles (containing the substance of Euclid, book III, 1-4, and 
part of book IV). London and New York, Macmillan, 1903. 12mo. 


7+ 210 pp. Cloth. $0.40 
Hutt (G. W.). Complete algebra. New York, American Book Com- 
pany, 1903. $1.00 


——. Elements of geometry. New York, American Book Company, 
1903 $1.25 


Jackson (L. L.). Teacher’s manual to accompany Beman and Smith’s 


“ Academie algebra.” Boston, Ginn, 1903. 12mo. 3-+ 347 pp. 
Half cloth. $1.50 


JELINEK (L.). Logarithmische Tafeln. 5te Auflage. Wien, 1903. Svo. 
4 +157 pp. Cloth. M. 1.50 


Kasten (A.). See Kinz (J. H.). 
Krass (M.). See Focke (M.). 


Krimpuorr (W.). See Scuwerine (K.). 
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Kiut (J. H.). Grundriss der Geometrie. Ein Leitfaden fiir den Unter- 
richt. Teil If: Stereometrie. 2te, vermehrte Auflage, bearbeitet 
von A. Kasten. Dresden, Kiihtmann, 1903. 8vo. 4-+ 132 pp. 


M. 1.80 
L. (G.). Repertorio di matematiche e fisica elementari. Livorno, 
Giusti, 1903. 24mo. 4-+ 156 pp. Fr. 1.00 


Lanctey (E. M.) and Brapry (S. R. N.). Algebra. Part 2. Adapted 
to requirements of 2d stage of Directory of Board of Education. 


London, Murray, 1903. 8vo. 222 pp. Cloth. 2s. 
McManon (J.). Elementary plane geometry. New York, American 
Book Company, 1903. $0.90 


Mayer (J. E.). Das mathematische Pensum des Primaners. Ein 
Hilfsbuch fiir den Primaner humanistischer und realistischer Gym- 
nasien, sowie zum Selbstunterricht. Heft 13: Binomischer und 
polynomischer Lehrsatz; Kigenschaften der Binomialkoeffizienten ; 
arithmetische Reihen hiéherer Ordnung; figurierte Zahlen. Frei- 
burg i. B., Lorenz, 1903. 8vo. 43 pp. M. 1.00 


Mupre (W.). Short treatise on factors in algebra. Adapted to 
university (matriculation) and government leaving certificate 
examinations. London, Oliver, 1903. 12mo. 160 pp. Cloth. 2s. 


Narpenov (V. F.). See Davipov (A.). 


NIKULTSEV (P.). Algebra, with a collection of exercises. In 2 parts. 
5th edition. Moscow, 1903. 8vo. 338+ 274 pp. (Russian.) 
M. 6.50 


Papetier (G.). Précis d’ algébre et de trigonométrie, A Vusage des 
éléves de mathématiques spéciales. Paris, Nony, 1903. 8vo. 361 
pp- 

Petts (L. D.). Complete solution and explanation of the problems in 
N. Sorokin’s Geometry and trigonometry. Kiev. 1903. 8vo. 136 
pp-, 6 plates. (Russian.) M. 3.00 


Perstant (O.). Elementi di geometria, compilati secondo gli ultimi 
programmi ad uso delle classi liceali. Vols. III-IV. Nuova edi- 
zione con modificazioni ed aggiunte. Roma, Cuggiani, 1904. 16mo. 


Pp. 164-572. Fr. 3.00 
Prutuips (E. A.). Graphical algebra. (Normal Tutorial Series‘) Lon- 
don, Simkin, 1903. 8vo. Limp leather. 2s. 


Ramorino (A.). See Burari—Forti (C.) 


Rossi (L.). Nozioni di aritmetica, geometria e sistema metrico esposte 
in modo semplice e facile. Vol. I: Per gli alunni della quarta 
classe elementare. Prima edizione conforme agli ultimi programmi 
governativi. Pesaro, Federici, 1903. 16mo. 120 pp. Fr. 0.60 


Vol. 11: Per gli alunni della quinta classe elementare. Prima 
edizione conforme agli ultimi programmi. Pesaro, Federici, 1903. 
lémo. 72 pp. Fr. 0.50 
tYBKIN (N.). Collection cf geometrical problems to be solved by com- 


putation. Part I: Plane geometry. St. Petersburg, 1903. 8vo. 
126 pp.  (Russian.) M. 2.00 
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Scumipr (J.). Ein planimetrisches Problem. (Progr.) Eger, 1902. 
8vo. 30 pp. 


Scnvpert (H.). Arithmetik und Algebra. 2te, durchgesehene Auflage. 
3ter Abdruck. Leipzig, Gischen, 1903. 16mo. 171 pp. (Samm- 
lung Géschen, No. 47.) M. 0.80 


Scnwanzer (A.). Repetitorium der Elementarmathematik. Zum 
xebrauche fiir die Schiiler der humanistischen Gymnasien und Real- 
schulen sowie fiir Privatstudierende. Mtinchen, Kellerer, 1903. 
8vo. 8+ 142 pp., 28 plates. M. 3.00 


Scuwerinc (K.). Sammlung von Aufgaben aus der Arithmetik fiir 
héhere Lehranstalten. 2ter Lehrgang. 2te, verbesserte Auflage. 
Freiburg, Herder, 1903. 8vo. 7 pp. and pp. 61-148. M. 1.26 


und Krimpnorr (W.). Ebene Geometrie. Nach den neuen 
Lehrpliinen bearbeitet. 4te Auflage. Freiburg, Herder, 1902. 8vo. 
8 + 136 pp. M. 1.60 


Skorczyk (F.). See BRAUNE (A.). 
Stevens (F.H.). See Haury (H. S.). 
TALANTI (F.). See Fairorer (A.). 


Test1 (G. M.). Corso di matematiche ad uso delle scuole secondarie 
superiori e piii specialmente degli istituti tecnici. Vol. V: Com- 
plementi d’algebra, con 510 esercizi. Livorno, Giusti, 1903. 8vo. 
8 + 280 pp. Fr. 3.00 


WaLpvocet (J.). Liésungen der Absolutorialaufgaben aus der Mathe- 
matik an den humanistischen Gymnasien Bayerns seit dem Jahre 
1867. Nebst einem Anhang: Wichtige Formeln, Regeln und 
Andeutungen zu den Liésungen. 3te Auflage, durchgeschen und 
grésstenteils neu bearheitet. Miinchen, Pohl, 1903. 8vo. 4+ 
154 -+.14 pp. M. 3.60 


Wetspacn (J.). Tafel der vielfachen Sinus und Cosinus, sowie der 
vieifachen Sinus versus von kleinen Winkeln, nebst Tafel der 
einfachen Tangenten. Auflage. Berlin, 1903. 8vo. pp- 

M. 1.00 


Witiiamson (A. W.). Plane and solid geometry, on the suggestive 
method, with numerous exercises and a brief course on loci of 
equations and on conic sections. Rock Island, Ill., 1903.  8vo. 
10 + 283 pp. Cloth. $1.00 


lI. APPLIED MATHEMATICS. 


(R.). See Guipperc (C. M.). 


Beau (0.). Die Berechnung der Sonnen- und Mondfinsternisse.  Fiir 
den Selbstunterricht entwickelt und mit Rechnungsergebnissen 
versehen. IV. Teil: Die ringférmig totale Sonnenfinsternis am 17. 
April 1912. Als Rechnungsbeispiel dargestellt. (Progr.) Sorau, 
1903. ito. 23 pp. 
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Becker (H.). Geometrisches Zeichnen. Neubearbeitet von J. Von- 
derlinn. 3te (der Neubearbeitung Ite) Auflage. Leipzig, Gischen, 
1903. 16mo. 136 pp., 23 plates. (Sammlung Géschen, No. 58.) 

M. 0.80 


Bicetow (F.H.). Studies on the meteorological effects in the United 
States of the solar and terrestrial processes. Washington, Weather 
Bureau, 1903. 4to. 37 pp. (Reprints from the Monthly Weather 
Review, December, 1902, January and February, 1903.) 


Bocustavsky (N. A.). Higher geodesy. St. Petersburg, 1903. 8vo. 
142 pp., 4 plates. (Russian.) 


Bork (H.). Mathematische Hauptsiitze. Ausgabe fiir Realgymnasien 
und Oberrealschulen. Nach dem Tode des Verfassers herausgegeben 
von M. Nath. Teil II: Pensum der Oberstufe (bis zur Reife- 
priifung). 2te Abteilung: Grundziige der darstellenden Geometrie. 
Fiir die oberen Klassen héherer Lehranstalten bearbeitet von W. 
Gercken. Leipzig, Diirr, 1903. 8vo. 10+ 121 pp. Boards. 

M. 2.00 


Bovasse (H.). Mécanique et physique. Paris, Delagrave, 1903. 
18mo. 501 pp. 


Boussinesq (J.). Théorie analytique de la chaleur, mise en harmonie 
avee la thermodynamique et avec la théorie mécanique de la 
lumiére. Tome 2: Refroidissement et échauffement par rayonne- 
ment; conductibilité des tiges, lames et masses cristallines; 
courants de convection; théorie mécanique de la lumiére. Paris, 
Gauthier-Villars, 1903. 8vo. 32+ 626 pp. Fr. 18.00 


Bruns (H.). Grundlinien des wissenschaftlichen Rechnens. Leipzig, 
Teubner, 1903. 8vo. -6 + 159 pp. M. 3.40 


Burr (W.H.). The elasticity and resistance of materials in engineer- 
ing. 6th edition, rewritten and enlarged. New York, Wiley, 1903. 
8vo. 1085 pp. Cloth. $7.50 


Carnot (S.). Réflexions sur la puissance motrice du feu (1824). 
Réimpression anastatique. Paris, 1903. 8vo. Fr. 5 


Cuapiyoin (S. A.). See HELMHOLTZ (H. Von). 

CHRISTIANSEN (C.) und MU.ier (J. J.C.). Elemente der theoretischen 
Physik. Mit einem Vorwort von E. Wiedemann. 2te, verbesserte 
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10+ 184 pp. Cloth. (Sammlung Schubert, No. XLI.) M. 5.00 

Cremexcix (J.). See Deraunay (C.). 


Deraunxay (C.). Tratado de mecanica racional. Traducido del francés 
por J. Clemencin. Madrid, Aguado, 1902. 8vo. 511 pp. Fr. 8.50 


1903.] NEW PUBLICATIONS. 115 


Ferraris (G.). Opere, pubblicate per cura della Associazione Elettro- 
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Fiirecner (A.). Les distributions 4 changement de marche avec tiroir 
unique. Méthode exclusivement graphique destinée aux écoles 
techniques de tous degrés et aux études privées. Traduit sur la 
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gegeben von H. Weber. Leipzig, Engelmann, 1903. 12mo. 73 
pp. Cloth. (Ostwald’s Klassiker der exakten Wissenschaften, 
No. 135.) M. 1.20 


Gercken (W.). See Bork (HL). 


Grinrerc (V.). Hypothese zur Thermodynamik. Versuch einer 
leichtfasslichen Darstellung einiger Prinzipe der Molekulartheorie 
mit Zugrundelegung der Kepplerschen Gesetze fiir die Planetenbe- 
wegung. Leipzig, Barth, 1903. Svo. 6+73 pp., 7 ae 

M. 3.00 


(C. M.). Thermodynamische Abhandlungen iiber Molekular- 
theorie und chemische Gleichgewichte. 2 Abhandlungen aus den 
Jahren 1867, 1868, 1870, 1872. Aus dem Norwegischen iibersetzt 


und herausgegeben von R. Abegg. Leipzig, Engelmann, 1903. 
12mo. 85 pp. Cloth. (Ostwald’s Klassiker der exakten Wissen- 
schaften, No. 139.) M. 1.50 


HausporrFr (F.). See Huycens (C.). 


HELFENSTEIN (A.). Die Energie und ihre Formen. Kritische Studien. 
Wien, Deuticke, 1903. 8vo. 4-+ 152 pp. M. 4.20 


Hetmuottz (H. von). Vorlesungen iiber theoretische Physik. Her- 
ausgegeben von A. Kinig, O. Krigar-Menzel, F. Richarz, C. Runge. 


116 NEW PUBLICATIONS. [Nov., 
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With numerous examples. 7th edition, carefully revised. London 
and New York, Macmillan, 1903. 12mo. 15+ 412 pp. Cloth. 
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